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PUBLICATIONS OF THIS SOCIETY 
I. THE TRANSACTIONS. After January 1, 1930, to mem- 
bers, $6.00; to others, $8.00. 


Volumes 1-14, and 16-21: to members, $5.25; to others, 
$7.00. 


Volumes 15, and 22-30: to members, $6.00; to others, 
$8.00. 


Il. THE BULLETIN. To members, free; to others, $7.00. 


Volumes 1-11 (and the three volumes of the Bulletin of 
the New York Mathematical Society) are out of print. 


The Society is glad to receive odd volumes or even odd 
numbers of these volumes, 


Volumes 12-35: to members, $5.25; to others, $7.00. 


III. THE AMERICAN JOURNAL OF MATHEMATICS. 


Published by this Society and the Johns Hopkins Uni- 
versity. Send orders to The Johns Hopkins Press. 


To members, $5.75; to others, $7.50. 
Complete sets (50 volumes): $350.00. 


IV. THE COLLOQUIUM PUBLICATIONS. 
Published in August, 1929: 
A. B. Coble, Algebraic Geometry and Theta Func- 
tions. 8+282 pp. $3.00. (Volume X of the Col- 
loquium Series.) 
For earlier issues, see the first fly-leaf after p. 592 of the 
July-August, 1929, issue. 


Orders may be addressed to 
501 WEST 116TH STREET, NEW YORK, N.Y. 


On sale also by the following official agents of this Society: 
The Open Court Publishing Co., 337 E. Chicago Ave., Chicago, DIL 
Bowes & Bowes, 1 Trinity St., Cambridge, England. 
Hirschwaldsche Buchhandlung, Unter den Linden, 68, Berlin. 
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THE ANNUAL MEETING IN BETHLEHEM 


The thirty-sixth Annual Meeting of the American Mathe- 
matical Society was held at Bethlehem, Pa., from Thursday 
to Saturday, December 26-28, 1929. The meeting opened on 
Thursday afternoon with sessions of the Council and the Board 
of Trustees, held at the Hotel Bethlehem. The scientific sessions 
were held at Lehigh University, in the new Packard Labora- 
tory. Friday was devoted to sectional sessions of the Society, 
and Saturday to a Symposium on the Differential Equations 
of Engineering. At the dinner on Friday evening at the Hotel 
Bethlehem Professor J. L. Coolidge was toastmaster, and 
Professor Oswald Veblen the principal speaker; after the dinner 
an enjoyable musical program was provided, and also an amus- 
ing mathematical skit, written by Professor Tomlinson Fort 
and acted by members of the mathematical group at Lehigh 
University. Other pleasant features of this meeting were an 
excursion to the Bethlehem Steel Works on Thursday, a tea 
served by the ladies of the faculty on Friday, and an inspection 
of the old Moravian historical buildings on Saturday, under 


the guidance of Dean Rau of the Moravian College. At the 
closing session a unanimous vote was passed thanking President 
Richards and the Board of Trustees of Lehigh University, the 
members of the department of mathematics and their wives, 
and others who assisted in making the meeting an outstanding 


success. 

The attendance included the following one hundred forty-nine 
members of the Society, as well as a number of engineers, 
present by invitation: 

C. R. Adams, A. A. Albert, Alger, E. S. Allen, Anderton, R. G. Archibald, 
H. E. Arnold, Bamforth, Barnes, Bauer, A. A. Bennett, W. M. Bond, J. W. 
Bower, A. B. Brown, H.S. Brown, B. H. Camp, A. D. Campbell, G. A. Camp- 
bell, Carver, Alonzo Church, Clawson, Abraham Cohen, L. W. Cohen, Cool- 
idge, C. H. Currier, Curry, Darkow, J. E. Davis, Decker, DeCleene, Deder- 
ick, Dostal, Dresden, Farrell, Fite, Fleisher, Flexner, Fort, Philip Franklin, 
Frink, Fry, C. A. Garabedian, Gehman, D. C. Gillespie, Gilman, M. C. 
Graustein, W. C. Graustein, Hammatt, Hebbert, E. R. Hedrick, H. B. 
Hedrick, Hille, Hotelling, Huntington, Hurwitz, Illick, Jeffery, F. E. Johns- 
ton, Jonah, Karapetoff, Keeler, Keller, Kichline, Kline, Knebelman, Koehler, 
Kuhn, Lambert, Lamson, Latimer, D. H. Lehmer, Lehr, D. C. Lewis, Jr., 
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Libman, Littauer, N. H. McCoy, McDonnell, MacColl, MacDougall, March, 
E. N. Martin, Meder, Mellish, H. H. Mitchell, Molina, L. T. Moore, Richard 
Morris, Marston Morse, Mossman, Mullins, Murnaghan, Neelley, Oakley, 
Ogburn, E. G. Olds, Ore, F. W. Owens, H. B. Owens, Paradiso, Park, Pier- 
pont, Poritsky, Ransom, Rashevsky, Rau, C. J. Rees, J. B. Reynolds, R. G. 
D. Richardson, Richeson, J. H. Roberts, Root, J. E. Rowe, Rupp, J. B. 
Scarborough, Schelkunoff, H. M. Schlauch, Schoonmaker, Seely, Sharpe, I. M. 
Sheffer, C. A. Shook, Simons, Smail, W. M. Smith, Virgil Snyder, Stanley, 
Steinmetz, Stocker, Struik, Swartzel, Tamarkin, J. H. Taylor, W. R. Thomp- 
son, Thurston, Trjitzinsky, Veatch, Veblen, J. H. Weaver, Weida, E. H. 
Wells, Whited, Widder, Widmark, Wiener, F. H. M. Williams, John William- 
son, A. H. Wilson, Zariski, Zippin. 


At the meeting of the Council, the following were elected to 
sustaining membership in the Society: 
Members of the Departments of Mathematics of The George Washington 
University and of Lehigh University; 
Members of the Department of Mathematics of Hunter College. 


The following eighty-seven persons were elected to member- 
ship in the Society: 
Miss Ida Maud Arnett, Central College; 
Mr. Norman Hansen Ball, Massachusetts Institute of Technology; 
Mr. Henry George Barone, Pennsylvania State College; 
Dr. William Dowell Baten, University of Michigan; 
Mr. Paul Sherman Bauer, Harvard University; 
Professor Harry L. Beard, Oregon State College; 
Professor Edward Benjamin Beaty, Oregon State College; 
Professor John B. Brandeberry, University of the City of Toledo; 
Mr. Hobart C. Carter, University of Missouri; 
Mr. L. T. Dunlap, Pennsylvania State College; 
Mr. William Elvin Ekman, University of South Dakota; 
Mr. Herman Edwin Ellingson, Luther College; 
Professor Edward Fleisher, College of the City of New York; 
President Frederick Jay Fox, Fox Engineering Company, New York City; 
Mr. Gordon Fuller, South Dakota State College; 
Mr. Walter Ora Gordon, Pennsylvania State College; 
Mr. Clyde Harvey Graves, Pennsylvania State College; 
Mr. Elijah Justin Hills, Compton Junior College; 
Mr. Alan Nordby Holden, Bell Telephone Laboratories, New York City; 
Professor Cecil Thomas Holmes, Bowdoin College; 
Mr. I. Owen Horsfall, Cornell University; 
Mr. Wyatt Hawkins Ingram, University of Washington; 
Mr. Carl Arthur Keeler, Lehigh University; 
Mrs. Sarah Youngman Keyser, New York City; 
Mr. William L. Kichline, Lehigh University; 
Mr. Wendell Holmes Langdon, Yale University; 
Mr. Jack Levine, University of California at Los Angeles; 
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Mr. Daniel Clark Lewis, Jr., Lehigh University; 

Mr. Chester Francis Luther, Stanford University; 

Mr. Herbert Burland MacDougal, South Dakota State College; 

Sister Marie Cecilia Mangold, Trinity College, Washington; 

Miss Harriet F. Montague, University of Buffalo; 

Professor Victor Feodor Murray, Catawba College; 

Professor V. Ellsworth Pound, University of Buffalo; 

Mr. Earl David Rainville, Boulder, Colo.; 

Miss Ruth Beatrice Rasmusen, South Dakota State College; 

Professor William David Reeve, Teachers College, Columbia University; 
Professor Joseph Benson Reynolds, Lehigh University; 

Professor Byron David Roberts, Parson College; 

Dr. Edward B. Roessler, University of California; 

Mr. Harry Gutelius Romig, Bell Telephone Laboratories, New York City; 
Miss Helen M. Schlauch, Hunter College; 

Professor William S. Schlauch, New York University; 

Professor Carl Nathaniel Shuster, State Teachers College, Trenton, N. J.; 
Professor Samuel Silberfarb, University of Akron; 

Professor Joseph Spear, Northeastern University; 

Mr. Hugh Smiley Stanley, Lehigh University; 

Mr. Theron S. Taber, Jr., Kern County Junior College; 

Professor Charles Frank Thomas, Case School of Applied Science; 

Mr. Harold Henry Thorne, University of Sydney; 

Mr. Floyd Edward Ulrich, Union College; 

Professor Ralph Wilson Veatch, Ursinus College; 

Mr. Elvin Leonidas Vernon, University of Wisconsin; 

Mr. Robert Merrill Walter, New Jersey College for Women; 

Mr. Alexander Weiss, New York City; 

Mr. Fred Willard Winters, Bell Telephone Laboratories, New York City; 
Professor Harold E. Wolfe, Indiana University; 


As nominees of Allyn and Bacon: 


Mr. Paul Gerhard Hoel, of University of Minnesota, and Mr. Jacob Yer- 
ushalmy, of Johns Hopkins University; 


As nominees of Members of the Department of Mathematics 
of Brown University: 

Mr. Harry LeVern Krall, Mr. Arthur Preston Mellish, Mr. Andrew Fleming 
Moursund, Professor William Vann Parker (on leave from the University 
of North Carolina), Mr. Charles Hill Wallace Sedgewick, all of Brown 
University; 


As nominees of Members of the Departments of Mathematics 
of The George Washington University and of 
Lehigh University: 
Mr. Paul Bradt and Mr. Jacob Arthur Duerksen, of Washington; Mr. Leland 
S. Barnes, Mr. Joseph Edward Illick, and Mr. Ralph Newcomb Van 
Arnam, of Lehigh University; 
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As nominees of Members of the Department of Mathematics 
of Hunter College: 


Miss Bertha Boschwitz, Miss Barbara H. Goldberg, Miss Anna Sacher, Miss 
Mildred G. Thiesmeyer, Miss Annita Tuller, all of New York City; 


As nominees of the National Life Insurance Company 
of the United States of America: 

Miss Florence Lillian Axen, Extension Division, University of Wisconsin, 
Milwaukee; Dr. Oliver Kenneth Bower, University of Illinois; Miss Mar- 
jorie Louise Heckel, Brown University; Mr. Charles Watson Vickery, 
University of Texas; Mr. Kenneth Warren Wegner, University of Wisconsin; 


As nominees of Members of the Department of Mathe- 
matics of the University of Wisconsin: 

Mr. John V. Atanasoff, Miss Alice May Austin, Mr. James Joseph Barron, Mr. 
Robert Edward Lowney, Mr. John Roberts Mayor, Mr. Paul L. Trump, 
Mr. Alva Maurice Tuttle, Miss Louise Webb, all of the University of 
Wisconsin. 

The ordinary membership in the Society is now 1926, in- 
cluding 196 nominees of sustaining members and 81 life mem- 
bers. There are also 37 sustaining members. The total attend- 
ance of members at all meetings during the past year was 890; 
the number of papers read was 395. The number of members 
attending at least one meeting was 583. At the annual election 
209 votes were cast. 

The reports of the Treasurer and of the auditors (Professors 
H. W. Reddick and G. W. Mullins) showed a balance of 
$5349.42, exclusive of the balances in the Bulletin, Transac- 
tions, Colloquium, Journal and special funds, and of the life 
membership reserve. The Society’s Endowment Fund, of par 
value $76,000, yielded for 1929 a net income of $3462.59; 
sustaining memberships for the year amounted to $4300.50. 
The amount received from sales of the Society’s publications 
was $6548.55. During the year special contributions from mem- 
bers to the amount of $1284.75 were received, which prevented 
a deficit on this year’s business. The trustees adopted a budget 
for 1930 showing estimated expenditures and receipts as 
$38,808.38; and $37,368.38, respectively. 

The Librarian reported that the Library of the Society now 
contains 7952 volumes. 

The following appointments were reported: to represent the 
Society at the American Mining Congress held in Washington, 
December 4-7, 1929, Professor C. E. VanOrstrand; as Com- 
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mittee to Nominate Officers, Trustees, and Members of the 
Council for 1931, Professors H. H. Mitchell (chairman), R. D. 
Carmichael, O. D. Kellogg, D. N. Lehmer, and R. L. Moore; 
as Committee on the 1930 Western Autumn Meeting in Colum- 
bia, Missouri, Professors Louis Ingold (chairman), W. C. 
Brenke, M. H. Ingraham, and W. D. A. Westfall; to represent 
the Society on the Editorial Board of the Annals of Mathe- 
matics for three years beginning with 1930, Professors Harry 
Batemen, G. D. Birkhoff, and J. F. Ritt; to represent mathe- 
matics on the committee appointed by the National Research 
Council to advise regarding the World’s Fair in Chicago in 
1933, Professor G. A. Bliss. 

At the meeting of the Council, Professor R. G. D. Richard- 
son was named to succeed Professor G. C. Evans as one of the 
three representatives of the Society in the National Research 
Council. 

The report of the Committee on the Reorganization of Prizes 
was adopted. Details concerning the new plan are given in a 
separate article in the January issue of this Bulletin. 

Editor-in-chief Hedrick reported that Professors H. T. Davis 
and J. R. Kline had been appointed to the staff of the Bulletin to 
replace Professors Tullio Levi-Civita and J. H. M. Wedder- 
burn, who have resigned. 

It was announced that Professor Marston Morse had ac- 
cepted the invitation to give the Minneapolis Colloquium 
and that his subject is Calculus of variations in the large. 

It was voted to hold only one meeting of the Society during 
each of the Convocation weeks of 1930-31 and 1931-32, these 
meetings to he held at Western Reserve University and the 
Case School of Applied Science in Cleveland and at Tulane 
University in New Orleans respectively. 

The question of raising the dues, which had been before the 
Council and Board of Trustees for two years, was finally de- 
cided, and the Secretary was instructed to prepare an amend- 
ment to the by-laws which will raise the dues to $8.00 after 
three years of membership in the Society. 

It was reported that plans were being made to reprint the 
Veblen Colloquium, and that it was expected that two or three 
new volumes will be issued during 1930. 

At the annual election, which closed on Friday afternoon, 
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the following officers and other members of the Council were 
chosen: 

Vice-Presidents, Professors W. C. Graustein and E. P. Lane. 

Secretary, Professor R. G. D. Richardson. 

Treasurer, Professor G. W. Mullins. 

Associate Secretaries, Professors M. H. Ingraham and T. M. 
Putnam. 

Librarian, Professor R. C. Archibald. 

Member of the Editorial Committee of the Bulletin, Professor 
D. R. Curtiss. 

Member of the Editorial Committee of the Transactions, Pro- 
fessor F. R. Sharpe. 

Member of the Editorial Committee of the Colloquium Pub- 
lications, Professor Oswald Veblen. 

Members of the Council, Professor L. P. Eisenhart, Dr. T. C. 
Fry, Professors C. H. Sisam, H. E. Slaught, J. L. Walsh, to 
serve three years; Professor C. G. Latimer, to serve two years; 
Professor Warren Weaver, to serve one year. 

The tellers appointed to count the ballots were Dr. A. A. 
Albert and Professor R. G. Archibald. 

The Symposium on the Differential Equations of Engineer- 
ing was held on Saturday, President Hedrick in the chair at 
both sessions. Many engineers were present by invitation, 
and there was much interesting and illuminating discussion. 
The following papers were presented: 

I. The problem of diffusion, by Professor H. W. March. Dis- 
cussion led by Mr. R. L. Peek, Jr. 

II. Mechanical solution of differential equations, by Professor 
Vannevar Bush. 

III. Plasticity and related problems of non-rigid bodies, by 
Dr. A. Nadai. Discussion led by Professor S. Timoshenko. 

IV. Analytical determination of magnetic fields, by Mr. R. H. 
Park. 

V. Problems in elasticity, by Professor S. Timoshenko. Dis- 
cussion led by Professor G. W. Patterson, Mr. J. N. Goodier, 
and Professor H. W. March. 

The titles and cross-references to the abstracts* of the papers 


* The cross-reference gives the number of the volume, the number of 
the issue in which the abstract is printed, and the number of the abstract 
itself. 
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read at the regular sessions appear below. On Friday morning, 
President Hedrick presided over the Section of Analysis, Pro- 
fessor Snyder, relieved by Professor Coolidge, over the Section 
of Geometry, and Professor Camp, relieved by Professor Ore, 
over the Section of Applications and Algebra. On Friday after- 
noon, President Hedrick, relieved by Professor Pierpont, pre- 
sided over the Section of Analysis, and Professor Coolidge over 
the Section of Algebra, Foundations, and Analysis Situs. Pro- 
fessor Hotelling’s paper was communicated by Professor Ore, 
and Mr. Groat’s by Professor Bennett. The papers whose 
abstract numbers are followed by the letter ¢ were read by 
title. Professor Calugaréano was introduced by Professor 
Kasner, and Mr. Peek by Dr. Fry. 


Section of Analysis, Friday Morning. 


1. The Green’s matrix and expansion problem for systems of 
integro-differential equations, by Professor F. C. Jonah. (Ab- 
stract No. 36—3-67.) 

2. Polynomial solutions of linear differential equations; ex- 
pansions, by Professor I. M. Sheffer. (Abstract No. 36—3—68.) 

3. Differential equations containing absolute values of deriva- 
tives, by Dr. C. O. Oakley. (Abstract No. 36-3-69.) 

4. On irregular kernels, by Professors Einar Hille and J. D. 
Tamarkin. (Abstract No. 36—3-70.) 

5. On the expansion of harmonic functions in terms of harmonic 
polynomials, by Mr. O. J. Farrell. (Abstract No. 36-3-71.) 

6. The oscillation of a sequence, by Professor W. A. Hurwitz. 
(Abstract No. 36-3-72.) 

7. On sequences of continuous functions having a continuous 
limit, by Professors D. C. Gillespie and W. A. Hurwitz. (Ab- 
stract No. 36-3-73.) 

8. The integrability of a sequence of functions, by Professor R. 
L. Jeffery. (Abstract No. 36—3-74.) 

9. Some series expansions in the lattice theory of crystals, by 
Dr. T. H. Gronwall. (Abstract No. 36—3—75-1.) 


Section of Geometry, Friday Morning. 


10. Rectangular axes associated with a curve in four-dimen- 
sional space, by Professor A. D. Campbell. (Abstract No. 
36-3-76.) 
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11. Equivalence in hyperspace, by Professor T. R. Holl- 
croft. (Abstract No. 36—-3-77-1.) 

12. Linear spaces associated with hyperquadrics, by Professor 
C. A. Rupp. (Abstract No. 36—3-78.) 

13. Plane involutions of order three or four, by Professor F. 
R. Sharpe. (Abstract No. 36-3-79.) 

14. The mapping of monoidal involutions, by Professor F. R. 
Sharpe. (Abstract No. 36—-3-80-1.) 

15. On an involutorial transformation found by Montesano, 
by Professor Virgil Snyder. (Abstract No. 36—3-81.) 

16. Notes on the rational plane oscnodal quartic curve, by Pro- 
fessor J. H. Neelley. (Abstract No. 36-3-82.) 

17. On the moduli of algebraic functions possessing a given 
monodromy group, by Dr. Oscar Zariski. (Abstract No. 36-3- 
83.) 

18. An application of vector analysis to the theory of curves 
of constant width, by Mr. A. P. Mellish. (Abstract No. 36-3- 
84-1.) 

19. Invariant treatment of ovals, by Professor D. J. Struik. 
(Abstract No. 36—3-85.) 

20. Content-preserving transformations, by Professor M. S. 
Knebelman. (Abstract No. 36—-3-86.) 

21. Solution of the problem of Plateau for any rectifiable con- 
tour in n-dimensional euclidean space, by Dr. Jesse Douglas, 
(National Research Fellow.) (Abstract No. 36—3-—87-1.) 

22. Solution of the problem of Plateau when the contour is an 
arbitrary Jordan curve in n-dimensional euclidean space; 1, 
by Dr. Jesse Douglas, (National Research Fellow.) (Abstract 
No. 36—3-88-1.) 

23. Solution of the problem of Plateau when the contour is an 
arbitrary Jordan curve in n-dimensional euclidean space; II, by 
Dr. Jesse Douglas, (National Research Fellow.) (Abstract No. 
36-—3-89-1.) 

24. The problem of Plateau and the theorem of Osgood-Car- 
athéodory on the conformal mapping of Jordan regions, by Dr. 
Jesse Douglas, (National Research Fellow.) (Abstract No. 
36-3—90-+1.) 

25. Generating involutions of infinite discontinuous Cremona 
groups of S; which leave V; invariant, by Professor Virgil Sny- 
der and Dr. Marguerite Lehr. (Abstract No. 36—3-91.) 
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26. Involutions of order n with an (n—2)-fold line and their 
mapping, by Professor F. R. Sharpe. (Abstract No. 36-3-92-1.) 


Section of Applications and Algebra, Friday Morning. 


27. Spaces of statistical parameters, by Professor Harold 
Hotelling. (Abstract No. 36-3-93.) 

28. The valuation of a continuous survivorship annuity with 
a continuous refund of an arbitrarily assigned part of the pur- 
chase price, by Professor F. M. Weida. (Abstract No. 36—3-94.) 

29. Inextensible chains on fixed plane curves, by Professor J. 
B. Reynolds. (Abstract No. 36-3-95.) 

30. Certain theorems of pertodic orbits applied to synchronous 
machines, by Professor E. G. Keller. (Abstract No. 36—3-96.) 

31. On some applications of number-theoretic functions to elec- 
trical engineering problems, by Professor B. F. Dostal. (Abstract 
No. 36-3-97 ) 

32. On th: solution of certain cases of the general equation 
of diffusion, by Mr. R. L. Peek, Jr. (Abstract No. 36-3-—98.) 

33. The Dirac theory and sedenions, by Professor D. J. 
Struik. (Abstract No. 36—-3—99-1.) 

34. Dynamical systems with integrals quadratic in the veloct- 
ties, by Professor Philip Franklin. (Abstract No. 36—3—100-1.) 

35. Some investigations on finite fields, by Professor Oystein 
Ore. (Abstract No. 36—3-—101.) 

36. Newtonian similarity, by Mr. B. F. Groat. (Abstract No. 
36—3-102.) 

37. The powers of a given ideal of a field which may divide 
exactly the discriminant of a relative field of mth degree, by Dr. 
W. R. Thompson. (Abstract No. 36—3—103.) 

38. Certain identities in theta functions, by Professor C. G. 
Latimer. (Abstract No. 36—3-104.) 


Section oi Analysis, Friday Afternoon. 

39. On multiple factorial series, by Professor C. R. Adams. 
(Abstract No. 36—3-105.) 

40. A theory of periodic extremals, by Professor Marston 
Morse. (Abstract No. 36—-3-106.) 

41. Surface transformations, by Professor F. R. Bamforth. 
(Abstract No. 36—-3-107.) 
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42. Singular points of functions which satisfy the partial 
differential equation of the linear flow of heat, by Professor D. 
V. Widder. (Abstract No. 36—3-108.) 

43. On indefinitely differentiable and quast-analytic functions, 
by Professor W. J. Trjitzinsky. (Abstract No. 36—3-109.) 

44. Differentiation and integration of matrices, and functional 
equations in matrices, by Professor 1. M. Sheffer. (Abstract No. 
36—3-110.) 

45. On certain approximations to analytic functions of several 
variables, by Dr. Hillel Poritsky. (Abstract No. 36—3-111.) 

46. A note on an isoperimetric inequality, by Dr. Hillel Porit- 
sky. (Abstract No. 36—3—112-+.) 

47. On differential equations admitting polygenic integrals, by 
Professor Georges Calugaréano. (Abstract No. 36—-3-113-1.) 

48. On Tchebycheff polynomials of best approximation, by Dr. 
J. A. Shohat. (Abstract No. 36-3-114-1.) 

49. On certain inequalities for Stieltjes integrals, by Dr. J. A. 
Shohat. (Abstract No. 36-3—115-t.) 

50. Mixed systems of linear equations and inequalities, by 
Miss Helen M. Schlauch. (Abstract No. 36-3-116.) 

51. A special prepared system for two quadratics in n variables, 
by Dr. John Williamson. (Abstract No. 36—-3-117.) 

52. A note on the multiple factors of a binary form, by Profes- 
sor L. T. Moore. (Abstract No. 36—-3-118.) 

53. New results in the theory of normal division algebras, by 
Dr. A. A. Albert. (Abstract No. 36—-3-119-1.) 

54. The non-existence of pure Riemann matrices with normal 


multiplication algebras of order sixteen, by Dr. A. A. Albert. 
(Abstract No. 36—3-120-1.) 
55. Integral bases of all normal quartic fields, by Dr. A. A. 


Albert. (Abstract No. 36—-3—121-+.) 

56. A determination of the integers of all cubic fields, by Dr. 
A. A. Albert. (Abstract No. 36—3-122.) 

57. Note on the summation of homogeneous functions of n 
variables over all points of a modular n-space, by Professor W. 
L. G. Williams. (Abstract No. 36-3—123-1.) 

58. The foundations of combinatory logic, by Professor H. B. 
Curry. (Abstract No. 36-3-124+4.) 

59. The universal quantifier in combinatory logic, by Professor 
H. B. Curry. (Abstract No. 36-3-125.) 
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60. The fourth postulates of Riesz and Hausdorff, by Professor 
Orrin Frink, Jr. (Abstract No. 36-3-126.) 

61. A special type of upper semi-continuous collection, by 
Professor H. M. Gehman. (Abstract No. 36—-3-127.) 

62. A characterization of the anchor ring by internal proper- 
ties, by Dr. J. H. Roberts, (National Research Fellow.) (Ab- 
stract No. 36—3-128.) 

63. A note on a theorem of Mazurkiewicz and Straszewicz, 
by Dr. J. H. Roberts, (National Research Fellow.) (Abstract 
No. 36—3—129-1.) 

64. Prime ends and indecomposable continua, by Dr. N. E. 
Rutt, (National Research Fellow.) (Abstract No. 36—3—130-t.) 

65. A property of unbounded continua, with applications, by 
Professor W. A. Wilson. (Abstract No. 36—3—131-+1.) 

66. Note on equivalence of certain properties of abstract sets, 
by Professor R. G. Putnam. (Abstract No. 36-3-132.) 


R. G. D. RICHARDSON, 
Secretary 
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THE DECEMBER MEETING AT DES MOINES 


The two hundred seventy-sixth regular meeting of the So- 
ciety was held at Des Moines on Monday and Tuesday, Decem- 
ber 30-31, 1929, in conjunction with the meetings of the Ameri- 
can Association for the Advancement of Science and the Mathe- 
matical Association of America. The meetings and dinner were 
held in the Hotel Fort Des Moines. 

On Monday morning, after a general session of the Society, 
two sessions, one on algebra and number theory and one on ap- 
plied mathematics, were held. 

On Monday afternoon the Society met in a joint session with 
Section A of the American Association for the Advancement of 
Science. At this meeting Professor R.C. Archibald gave his 
retiring address as Vice-President of the American Association 
for the Advancement of Science and Chairman of Section A 
on Mathematics before the Greeks. This was followed by an ad- 
dress given on invitation of the Program Committee by Pro- 
fessor O. D. Kellogg on An unsolved problem in potential theory. 
It is not expected that the address of Professor Kellogg will 
be published. An abstract which furnishes references where 
most of the material of his address may be found appears on 
p. 201 as Abstract No. 36-3-133 

On Tuesday morning the Society met in three sections. One 
section met with Section K of the American Association for 
the Advancement of Science for papers on mathematical sta- 
tistics; another was devoted to analysis; and the third, to geome- 
try. 

Tuesday afternoon the Society met jointly with the Mathe- 
matical Association of America and listened to an address, given 
on the invitation of the Program Committees of both organiza- 
tions, by Professor L. L. Dines on Linear inequalities and some 
related properties of functions. This address will appear in an 
early issue of this Bulletin. 

Later in the same afternoon Professor Irving Fisher delivered 
the seventh Josiah Willard Gibbs lecture under the joint 
auspices of the Society and the American Association for the 
Advancement of Science. His address was on The applications 
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of mathematics to the social sciences. Professor Fisher spoke of 
the work and personality of Gibbs and then traced the growth 
of the use of mathematics in the social sciences with especial 
emphasis on its use in pure economic theory. This address will 
appear in an early issue of this Bulletin. 

On Tuesday evening a joint dinner of the mathematical or- 
ganizations was attended by 129 persons. The toastmaster, 
Professor W. H. Bussey, called upon Professor H. L. Rietz who 
welcomed the mathematicians to Iowa, Professor J. W. Young, 
President of the Mathematical Association of America, Profes- 
sor Jewell Hughes, and President E. R. Hedrick. Professor 
Dunham Jackson moved a resolution of thanks to those who 
had helped entertain the mathematicians and arranged for their 
meetings. This was passed by a rising vote. 

The Gibbs lecture was attended by over four hundred per- 
sons. The other meetings of the Society were attended by about 
150 persons including the following 101 members of the So- 
ciety: 

N. L. Anderson, R. C. Archibald, Ashton, Atchison, R. W. Babcock, R. P. 
Baker, Blue, Brenke, Bussey, Cairns, H. C. Carter, E. H. Carus, Chittenden, 
Coffin, J. T. Colpitts, Comstock, Curtiss, Daniells, Daugherty, Dines, Doole, 
C. W. Emmons, H. P. Evans, Everett, Finkel, Irving Fisher, Gaba, Gouwens, 
Harper, W. L. Hart, Hassler, Haynes, E. R. Hedrick, Herr, Hinrichsen, Holl, 
Hosford, Hotelling, J. C. Hughes, Hunter, Byron Ingold, Louis Ingold, 
Ingraham, Dunham Jackson, Kearney, O. D. Kellogg, Kennelly, Kovarik, 
E. P. Lane, Langer, Lytle, McClenon, Dorothy McCoy, McGaw, J. V. 
McKelvey, M. M. McKelvey, MacMillan, Michal, U. G. Mitchell, C. N. 
Moore, Muehlman, Neff, Pattengill, Pehrson, Pepper, Pettit, Raynor, J. F. 
Reilly, Remick, H. L. Rietz, Risley, B. D. Roberts, G. E. Robinson, Roever, 
Roos, Sellew, Sherer, Shewhart, Shirk, Slaught, Slotnick, E. R. Smith, G. W. 
Smith, H. F. Smith, Snedecor, Eugene Stephens, Stouffer, Tappan, J. S. 
Turner, Wall, L. E. Ward, Warren Weaver, M. J. Weiss, J. J. Wheeler, K. P. 
Williams, F. E. Wood, L. P. Woods, Roscoe Woods, Wyant, J. M. Young, 
J. W. Young. 

At the general session on Monday morning President Hed- 
rick and Professor Kellogg presided; in the section on algebra 
and theory of numbers, Professor Curtiss; and in the section 
on applied mathematics, Professor C. N. Moore. Monday 
afternoon at the joint session with Section A Professor Jackson 
presided. Tuesday morning the presiding officers were Professor 
Rietz in the joint session with Section K, President Hedrick 
and Professor Brenke in the section on analysis, and Vice- 
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President Lane in the section on geometry. At the joint meeting 
with the Mathematical Association of America President Young 
of the Association presided, while President Hedrick presided 
at the Gibbs lecture. 

The titles and cross-references to the abstracts* of the papers 
read at the regular sessions appear below: papers 1—6 in the 
general session Monday morning, papers 7-10 in the section 
on algebra and number theory Monday morning, papers 
11-13 in the section on applied mathematics Monday morn- 
ing, papers 14-19 in the joint session with Section K on 
Tuesday morning, papers 20-28 and 36 in the section on 
analysis Tuesday morning, and papers 29-35 in the sec- 
tion on geometry Tuesday morning. Papers 5, 6, 7, 10, 17, 
25, 26, 27, and 28 were read by title, as is indicated by the letter 
t after the abstract number. Mr. E. W. Anderson was intro- 
duced by Professor D. L. Holl; Professor A. H. Meyer, by Pro- 
fessor H. L. Rietz; and Professor C. T. Bumer, by Professor 
Michal. 

1. Integral surfaces of pairs of partial differential equations 
of the third order, by Professor E. P. Lane. (Abstract No. 
36-3-134.) 

2. The analog of the projective connection in function space, 
by Professor A. D. Michal. (Abstract No. 36-3-135.) 

3. On the nature of the composite numbers in an arithmetic 
progression, by Professor C. N. Moore. (Abstract No. 36-3-136.) 

4. On groups defined by A*=1, B“*AB=A"*, B°=A’*, by 
Dr. Marie J. Weiss, (National Research Fellow.) (Abstract 
No. 36-3137.) 

5. On subsets of locally connected continua as Borel sets, by 
Professor W. L. Ayres. (Abstract No. 36—3—138-t.) 

6. Generalized Green's matrices for compatible systems of 
differential equations, by Dr. W. T. Reid, (National Research 
Fellow.) (Abstract No. 36—-3-139-1.) 

7. Inverse correspondences in automorphisms of abelian groups, 
by Professor G. A. Miller. (Abstract No. 36—-3—140-1.) 

8. The ideals in the algebra of generalized quaternions over the 
field of rational numbers, by Dr. E. Kathryn Wyant. (Abstract 
No. 36-3-141.) 


* The cross-reference gives the number of the volume, the number of the 
issue in which the abstract is printed, and the number of the abstract itself. 
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9. Some identities connected with Fermat's last theorem, by 
Professor J. S. Turner. (Abstract No. 36—-3-142.) 

10. Matrices whose characteristic equations are cyclic, by Prof- 
fessor T. A. Pierce. (Abstract No. 36—3-143-1.) 

11. On the problem of n bodies, by Dr. J. J. L. Hinrichsen. 
(Abstract No. 36—-3-144.) 

12. Limits of approximate solutions of the torsion problem, 
by Mr. E. W. Anderson. (Abstract No. 36—3-145.) 

13. A two-dimensional boundary-value problem for the trans- 
mission of alternating currents through a semi-infinite hetero- 
geneous conducting medium, by Professor H. P. Evans. (Ab- 
stract No. 36—3-146.) 

14. On certain inequalities with applications in actuarial 
theory, by Professor H. A. Meyer. (Abstract No. 36—3-147.) 

15. The standard error of a forecast from a curve, by Professor 
Henry Schultz. (Abstract No. 36—-3-148.) 

16. On certain properties of frequency distributions whose 
variates are obtained by linear fractional transformation of the 
variates of a given distribution, by Professor H. L. Rietz. (Ab- 
stract No. 36—-3-149.) 

17. On the probability associated with a given range, by Pro- 
fessor P. R. Rider. (Abstract No. 36—3-150-t.) 

18. The consistency and ultimate distribution of optimum 
statistics, by Professor Harold Hotelling. (Abstract No. 36- 
3-151.) 

19. An analysis of frequency distributions, by Professor G. 
R. Davies. (Abstract No. 36—3-152.) 

20. On the Dirichlet-Neumann problem, by Professor G. E. 
Raynor. (Abstract No. 36—-3-153.) 

21. On the Padé approximants associated with a positive defi- 
nite power series, by Dr. H. S. Wall. (Second communication.) 
(Abstract No. 36-3-154.) 

22. Some properties of Viv=0, when expressed in curvilinear 
coordinates, by Professor D. L. Holl. (Abstract No. 36-3-155.) 

23. Relation of Maschke’s symbolic method to the tensor theory, 
by Mr. H. C. Carter. (Abstract No. 36—3-—156.) 

24. The differential geometry of a continuous infinitude of 
contravariant functional vectors, by Professor A. D. Michal. 
(Abstract No. 36—3-157.) 
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25. On dynamical systems with n degrees of freedom subject to 
hysteresis effects of the Fredholm type, by Professors A. D. 
Michal and C. T. Bumer. (Abstract No. 36—3—158-t.) 

26. On some remarkable theorems on geodesic coordinates of 
order r in n-dimensional differential geometries, by Professor A. 
D. Michal. (Abstract No. 36—-3—159-1.) 

27. Concerning algebro-functional groups of transformations 
and the theory of projective functional tensors, by Professor A. D. 
Michal. (Abstract No. 36-3-160-1.) 

28. Dynamical systems with infinite degrees of freedom and 
their integral invariants, by Professor A. D. Michal. (Abstract 
No. 36—3-161-1.) 

29. A note on a projective invariant of a conjugate net, by 
Professor M. M. Slotnick. (Abstract No. 36—3-162.) 

30. The projective equivalence of two nets of conics, by Professor 
F. E. Wood. (Abstract No. 36-3-163.) 

31. A condition for the concurrence of three common chords of 
three conics, taken in pairs, by Professor J.S. Turner. (Abstract 
No. 36—3-164.) 

32. Invariant normals to a space S, contained in a function 
space, by Dr. Nola L. Anderson and Professor Louis Ingold. 
(Abstract No. 36—3-165.) 

33. On the structure of sets of points of classes one, two, and 
three, by Professor A. H. Blue. (Abstract No. 36-3-166.) 

34. The complete existential theory of eight fundamental proper- 
ties of topological spaces, by Professor Dorothy McCoy. (Ab- 
stract No. 36—-3-167.) 

35. A set of axioms in terms of points, ordinary and ideal, by 
Professor M. G. Gaba. (Abstract No. 36—3-168.) 

36. On the zeros of certain rational functions, by Dr. Morris 
Marden, (National Research Fellow.) (Abstract No. 
36-3-169.) 

M. H. INGRAHAM, 
Associate Secretary 
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EDWARD DRAKE ROE, JR.—IN MEMORIAM 


Edward Drake Roe, Jr., head of the department of mathematics of the 
College of Liberal Arts of Syracuse University, died suddenly from a heart 
attack on December 11, 1929, at the age of seventy. He was graduated from 
Syracuse University, and received the degree of Master of Arts from Harvard 
University and the degree of Doctor of Philosophy at the University of 
Erlangen, where he worked under Gordan. He taught at Harvard, at Boston 
University, at Oberlin, and finally at Syracuse University, where he was made 
Professor of Mathematics in 1900, director of the astronomical observatory in 
1919 and later head of the department of mathematics. 

He published several papers on mathematical topics, principally in algebra, 
several papers on astronomy and on philosophy, and texts on trigonometry 
and on algebra. The mathematical fraternity of Pi Mu Epsilon was founded 
by him in 1914. On students who took his courses he left a lasting impres- 
sion as a very thorough teacher, and he inspired in them his own deep love 
for mathematics and for astronomy. 

A. D. CAMPBFLL 


ROBERT MAURICE MATHEWS—IN MEMORIAM 


In the death, on October 20, 1929, of Robert Maurice Mathews, Associate 
Professor of Mathematics at West Virginia University since 1926, the American 
Mathematical Society lost one of its most promising geometricians. 

Born in Lexington, Kentucky, March 20, 1884, Dr. Mathews graduated 
from Butler University, Indianapolis, Indiana, in 1906. After three years of 
graduate study at Cornell, Illinois, and Princeton, he devoted the ten years 
from 1909 to 1919 to a most successful career as a high school teacher, teaching 
at the Chicago University High School and at the Polytechnic High School of 
Riverside, California. Upon completing one year as Instructor at the Univer- 
sity of Minnesota, and four years as Assistant Professor at Wesleyan Univer- 
sity, Middletown, Connecticut, he resumed his graduate studies at the 
University of Illinois in 1924 obtaining his doctorate under Professor Coble in 
1925. 

Referring to the work of Dr. Mathews, Professor Coble says: “Dr. Mathews 
had keen geometric insight. Unfortunately academic conditions in the average 
American college afford little opportunity for the cultivation of such a gift. 
Nevertheless, when in middle life he decided to complete his graduate work at 
Illinois, he entered with a dissertation in hand on configurations inscribed in a 
cubic curve. It appeared after a survey of the literature that part of this had 
been anticipated. He then enriched the entire subject by establishing an 
interesting connection of these configurations with sections of the desmic 
quartic surface. This matter was pursued in a later paper while he was reading 
widely to lay a sound foundation for geometric research. However, his failing 
health gradually forced him to put aside his work on several promising 
problems.” 

C. N. REYNOLDs 


A 


162 B. O. KOOPMAN [Mar., 


BIRKHOFF ON DYNAMICAL SYSTEMS 


Dynamical Systems. By G. D. Birkhoff. (American Mathematical Society 

Colloquium Publications, vol. IX.) 295 pp. 

In these colloquium lectures the author presents in one volume the ideas 
and results which he has derived in the last score of years of his work on dy- 
namical theory. It is modern dynamics in a sense to which the world has grown 
accustomed since the thought of Poincaré has become its intellectual heri- 
tage. The scope of the work is realized when it is considered in detail. 

In Chapter I, the attempt is made to discover what physical meaning there 
may be in the assumption that the equations of dynamics are Lagrangian. 
The classical existence and uniqueness theorems for ordinary differential 
equations are first established. Next, starting with a general system of equa- 
tions, the author makes physical assumptions of a general nature, with the 
object of discovering their analytical counterpart. Thus, a conservative sys- 
tem is defined (as in thermodynamics) as one in which the external forces 
accomplish zero work when the system describes a closed cycle, and from this 
property a restricted form is obtained from the equations of motion, which 
includes the Lagrangian as a special case. 

Chapter II deals with the variational principles of dynamics. These are 
derived as usual for the classical systems, as well as for the somewhat more 
general ones considered in the first chapter. This is also done for Pfaffian sys- 
tems, a sort of generalization of Hamiltonian systems which the author obtains 
by replacing in Hamilton's principle 


af [= — dt=0, 
j=l 


af [= Pp; + di=0, 
te 


(P;, Q being arbitrary functions of p;,--- , px; m, even). The transformation 
theory, and such methods as the ignoration of coordinates, reduction by special 
integrals, etc., are developed for these systems. The Pfaffian systems have 
the advantage that they maintain their form under the general point trans- 
formation of the coordinates and momenta. 

In the neighborhood of a regular point, all differential systems are equiva- 
lent under the group of analytic point transformations; they are devoid of 
invariantive characteristics. The simplest cases in which such characteristics 
can arise are for the neighborhood of a point of equilibrium, and for the neigh- 
borhood of a periodic solution, which can be reduced to a generalized point of 
equilibrium. Our attention is thus naturally directed to such motions, which 
are, moreover, of considerable physical importance. In Chapter III, these 
motions are considered, and a complete treatment of those of their invariantive 
properties which are of a purely formal nature is given in the general case 
(where there are no linear relations with integral coefficients between the 
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multipliers). All questions of convergence are systematically laid aside as being 
irrelevant to the matter in hand. Functions are regarded merely as formal 
power series in the variables (the coefficients being periodic in the time in the 
case of generalized equilibrium), and the transformations and other operations, 
as entirely formal processes. The reduction of the differential system to stan- 
dard forms is accomplished with the aid of the group of formal transformations. 
Hamiltonian and Pfaffian systems are then considered in detail. Nothing is 
said about asymptotic or other possible relations between the series and the 
functions in the case where the former fail to converge. By this sharp separa- 
tion from the rest, the formal properties are brought into a clearer light than 
in the classical treatment of this subject, where they are never given true 
recognition and play but a subsidiary part. 

Chapter IV continues the treatment of the invariantive characteristics 
in the neighborhood of equilibrium or periodic motion, occupying itself with 
the formal stability of such motions. A result of the classical theory is that 
when the multipliers are pure imaginaries there is “stability of the first order,” 
that is, approximate stability, which becomes exact when all but terms of the 
first order in the distance from the periodic motion are omitted from the dif- 
ferential equations. The author defines an extension, due in the main to 
Poincaré, of this concept to terms of all orders: “complete formal or trigono- 
metric stability.” This must not be confused with actual stability in the phy- 
sical sense, the discovery of whose relation with the former is an outstanding 
problem in the theory. It is shown that in the case of Hamiltonian and Pfaffian 
systems stability of the first order implies complete formal stability. Converse- 
ly, if there is such stability, the system can be taken into these canonical forms 
near the motion considered, by means of the formal group. This is a contribu- 
tion to the problem of Chapter I,—the meaning of the canonical form. Finally, 
reversibility and its connection with stability are treated. 

Chapter V deals with the various general methods by means of which the 
existence of periodic motions may be established; in this sense it supplies a 
foundation for the two preceding chapters. The three known types of method 
are described, with examples. The first consists of those (due to Hadamard, 
Whittaker, Hilbert, Signorini, and Birkhoff) which make use of the variational 
principles of dynamics; they are best illustrated by considering the important 
special case of geodesics on a surface. Suppose, first, that a smooth elastic 
string in the form of a loop be slipped onto a smooth surface possessed of a 
constriction, and remain binding the constriction, in a stretched condition: 
it will form a closed geodesic on the surface. This idea and its extension to 
broad classes of dynamical systems establishes the existence of periodic mo- 
tions of the “minimum” type. Suppose, secondly, that it is attempted to pass 
a convex surface through an elastic loop which is too small for it to go through 
without stretching. Consider the totality of modes of passing the surface 
through the loop: there will be a lower limit to the maximum stretching re- 
quired, and in the corresponding mode of passage the elastic will, in its position 
of greatest stretching, form a closed geodesic. This method, greatly generalized 
with the aid of geodesic polygons, etc., establishes the existence of periodic 
motions of the “minimax” type. The second type of method consists in the 
analytic continuation of a periodic orbit, known to exist for a particular value 
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of a parameter, to neighboring values. This method (due to Hill and Poin- 
caré) is briefly outlined. The third type of method consists in reducing the 
dynamical problem to a point transformation, the periodic motions appearing 
as fixed points under one of its powers. It is merely introduced in this chapter, 
and illustrated by an example having three degrees of freedom. 

Chapter VI is entitled Poincaré’s Geometric Theorem. The third type of 
method of Chapter V is studied in detail in the only case where it has been 
applied with any generality, namely, that of a conservative system with two 
degrees of freedom. In sucha system the states of motion (position and veloc- 
ity) constitute a 4-dimensional manifold, in which those states corresponding 
to a given energy constant form a 3-dimensional sub-manifold. The equations 
of motion define a vector field in the latter. When this is interpreted asa veloc- 
ity field, it appears that the motions of the system are coextensive with a per- 
manent flow of a fluid situated in the manifold of states of motion. The inte- 
gral invariant of the system has its counterpart in the incompressibility of the 
flow. In the case where there is a uniform swirling tendency in the flow, a sur- 
face may be interposed which is cut by every stream line, in the same sense, 
and at least once in any interval of time less than a definite constant indepen- 
dent of the stream-line. Such a surface is known as the surface of section. The 
stream-lines, by their successive intersections, define a point transformation 
of the surface of section into itself, which is essentially area-preserving, on 
account of incompressibility of the flow. Periodic motions correspond to closed 
stream-lines, and these, in turn, to fixed points under a power of the trans- 
formation. Their properties of stability, etc., are reflected in properties of the 
transformation. In this sense the dynamical problem is reduced to the study 
of a surface transformation. It is, of course, to be noted that there are impor- 
tant properties which are not represented by the transformation, and hence 
the reduction of the problem is by no means a complete one. In the present 
chapter the very difficult problem of establishing the existence of the surface 
of section is treated for special classes of systems. At this point the author 
makes what must be regarded as a notable advance in the theory, by estab- 
lishing a theorem which is the analog im Kleinen of Poincaré’s geometric 
theorem, an extension the value of which lies in the fact that it can be ap- 
plied to the case where the existence of only a local surface of section is known, 
—which is the general situation. Finally, by considering in detail the re- 
flections of a billiard ball rolling on a flat table with a curved boundary (the 
simplest non-integrable case), the author brings into a clear light every point 
of the theory; we regard this as a masterpiece of presentation. 

Chapter VII opens with the statement: 

“The final aim of the theory of the motions of a dynamical system must 
be directed toward the qualitative determination of all possible types of mo- 
tions and of the interrelation of these motions. 

“The present chapter represents an attempt to formulate a theory of this 
kind.” 

The author defines “wandering” and “non-wandering” motions, “central” 
motions, “recurrence” and “transitivity” of motions, and establishes a series 
of theorems concerning their existence and interrelations. The only property 
made use of in this chapter is the bare fact that the curves are integral curves 


1930.] BIRKHOFF ON DYNAMICAL SYSTEMS 165 


of analytic differential equations. The treatment has the aspect of a study in 
point-set theory. 

Chapter VIII continues with the work of Chapter VII, in the case of a 
dynamical system with two degrees of freedom, but is far more complete in the 
properties which it obtains, and in the analytical form in which the results are 
frequently given. This is made possible by the formal developments and the 
theory of surface transformations of Chapters IV and VI. The conceptions of 
this chapter are the logical descendents of Poincaré’s Théorie des Conséquents, 
just as those of the preceding chapter are of the intellectual lineage of that 
great author’s thoughts on the stability of Poisson. We have in the present 
chapter a synthesis of two disciplines: the extreme of formalism on the one 
hand, and the pure theory of point sets on the other; and it is this 
union of ideas which gives so rich a yield not only of theorems which this 
chapter formulates, but of those theorems which are unwritten and which rise 
in the mind of the reader. 

Chapter IX, the final chapter of the work, is devoted to the problem of 
three bodies, particularly from the point of view of Sundman’s researches. 
On the basis of certain inequalities taking place among certain of the variables 
in the differential equations and their derivatives, Sundman has shown that 
except when the vector angular momentum is zero, triple collision is impossible. 
Other forms of irregularity being regularizable, it follows that series exist in 
the general case, convergent for all values of the time, which give the motion 
in explicit form; this is the famous “solution” of Sundman of the problem of 
three bodies. These results, presented in an original and clear form, constitute 
the bulk of the present chapter. Towards the end, the author returns to some 
of the ideas developed in earlier chapters and applies them with the aid of 
Sundman’s work to the problem of three bodies. 

When we turn from considering the work in its detailed aspects to regarding 
it as a whole, our task is difficult: we attempt to review a book, and find that 
we are commenting on a theory. This very circumstance is more eloquent 
than any words of our own. 

How is the value of a mathematical discipline to be judged? Is it in the 
view which it discloses of the physical world, and which could not be had with- 
out its aid? If this is the case, then the developments which we are considering 
promise much, since they are, in their historical origin, purely physical. But 
they have traveled a great distance from their beginnings, and have taken the 
aspect of a deep analysis of methods which have proved effective in the past, 
rather than that of the direct study of physical reality. Moreover, there is one 
circumstance which is ominous, and that is that the properties most often con- 
sidered are properties which are changed altogether by an infinitely small 
change in the physical conditions attendant on the problem, or by the slightest 
change in initial data. In the world of measurement such properties find little 
place. 

Is the value of a discipline to depend on its relations with other parts of the 
science? Our review has been unsuccessful indeed if it has failed to bring into 
light not only the broad connections of the subject with the existing science, 
but the promise which it gives of initiating further developments in mathe- 
matics. 
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But there is an intellectual criterion which is ultimate, which differs from 
those others which seek the value of a theory outside the theory itself. It is 
the judgment of its esthetic worth, the appreciation of its structure. It is 
perhaps more noteworthy that dynamical theory should have acquired a value 
of this sort than, for example, projective geometry, or the theory of groups. 
And to our author more perhaps than to any other man belongs the credit 
that this is so. 

B. O. KoopmMan 


THE RHIND PAPYRUS 


The Rhind Mathematical Papyrus, British Museum 10057 and 10058, in two 
volumes. Volume I. By Arnold Buffum Chace, with the assistance of 
Henry Parker Manning, and with a bibliography of Egyptian mathematics 
by Raymond Clare Archibald. [x]+210 pp., 1927. Royal 8vo. Volume II. 
By Arnold Buffum Chace, Ludlow Bull, and Henry Parker Manning, witha 
bibliography of Egyptian and Babylonian mathematics (supplement) by 
Raymond Clare Archibald, and a description of the mathematical leather 
roll in the British Museum, by S. R. K. Glanville. Mathematical Associa- 
tion of America, Oberlin, Ohio; xvi pp.+31 photographic plates +109 fac- 
simile plates+109 facing pages of text, 12 pp. of bibliography +8 pp., 
1929. Royal oblong folio. Price, $20. 


The publication of this treatise, the product of nearly twenty years of 
scholarly work, is an event of such importance in connection with the history 
of mathematics as to require more than a cursory examination or a brief des- 
cription. The Rhind (Ahmes, A’h-mosé) Papyrus is the most extensive mathe 
matical treatise written before the sixteenth century B. C. that has come down 
to us. We have no contemporary manuscripts of any of the Greek classics on 
geometry, the theory of numbers, or computation. Our knowledge of the 
Sumerian, Assyrian, Babylonian, and Chaldean mathematics is derived solely 
from numerical tables, a few tablets containing a little work in mensuration, 
numerous others relating to commercial life, and some recently studied ones 
relating to the Pythagorean triangle, the angle inscribed in a semi-circle, and 
the rule for solving the quadratic. Such Chinese and Hindu sources as we 
have, relating to the pre-Christian period, are of uncertain authenticity, 
especially those purporting to be copies of Chinese documents preceding the 
eleventh century B. C. In the case of Egypt, however, we have, in fairly 
complete form, the original document written by A’h-mosé (Ahmes) in the 
reign of ‘A-user-Ré’ (c. 1650 B. C.), being a copy or a paraphrase of one dating 
from the reign of Ne-ma‘et-Ré’ (Amen-em-hat III), 1849-1801 B. C., or at 
least similar to it. That such a document, written more than a thousand 
years before mathematics began to make any noteworthy advance in Greek 
territory, should have come down to us almost intact, is one of the most re- 
markable incidents connected with source material of any kind. It is also 
interesting to know that another manuscript, even earlier than this, is soon 
to be published, the Golenishchev papyrus now in Moscow (Quellen und 
Studien zur Geschichte der Mathematik, Abteilung A: Quellen, Berlin, 1930), 


1930.] THE RHIND PAPYRUS 167 


referred to in the bibliography by Professor Archibald. This is probably about 
200 years older than the Rhind papyrus, and seems to have been copied from a 
work going back to about 2000 B. C. It has been known for a number of years, 
but this publication is the only complete edition of the manuscript. 

The A’h-mosé manuscript has long been familiar to historians. In 1877, 
Eisenlohr published in Leipzig Ein mathematisches Handbuch der alten Aegyp- 
ter (Papyrus Rhind des British Museum); in 1898 the British Museum pub- 
lished a so-called facsimile, but it was merely from a copy made by hand and 
contained several errors or omissions; and in 1923 Professor T. E. Peet pub- 
lished a transcription, translation, and commentary which was the first really 
scientific study of the original manuscript to appear, although the world is 
deeply indebted to Eisenlohr for his pioneer work. Besides these editions, 
numerous articles have appeared, all of which are listed in Professor Archi- 
bald’s bibliography mentioned below. 

With respect to the present edition by Dr. Chace and his collaborators, it is 
the purpose of this review to speak of (1) the general nature of the work, (2) 
certain of the original contributions to the interpretation of the text, (3) the 
bibliographical material, (4) the article by Mr. Glanville, (5) the authors and 
their specia! contributions, and (6) the mechanical features of the book. 

As to the general nature of the manuscript, this is sufficiently well known to 
all who are familiar with any of the modern histories of mathematics, and 
hence it is unnecessary to dwell upon it at thistime. A glance at the bibliog- 
raphy will show how numerous are the monographs and books in which it 
has been described. 

What Dr. Chace has done, it being understood that the work of his col- 
laborators is also included in such references, is first to give, in volume I, a 
free and readable translation of the entire manuscript, preceded by a discus- 
sion of Egyptian arithmetic, measures, and geometry; a study of the methods 
and aims of the Egyptian mathematician; a note on the Egyptian calendar; 
and a statement relating to certain technical terms. This translation is designed 
to meet the needs of the reader who is interested chiefly in the text and the 
methods of solving the problems. The mathematical features having been 
considered in the first volume, the second volume is devoted chiefly to the 
philological problem, and it is here that the painstaking care of the authors 
shows itself even more clearly, this being evident even to one who knows 
little or nothing of the Egyptian language and of the paleographical difficulties 
which the translators encountered. 

This volume contains (1) the only true facsimile of the manuscript ever 
published, being a photographic reproduction of the entire work; (2) a copy of 
this in the original two-color hieratic form; (3) a hieroglyphic transcription 
underneath the hieratic, the latter being the more difficult to read, just as the 
ordinary handwriting of most people is more difficult than print; (4) a trans- 
literation of this hieroglyphic into Latin letters, arranged from right to left 
as in the original; and (5) on the facing page a rearrangement of this transla- 
tion from left to right, with English translation, word for word, underneath. 
In addition to this there are various explanatory and philological notes to 
aid the reader, not merely the tyro in such matters but the scholar as well. 
This arrangement enables the student of Egyptian history, science, and litera- 
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ture to pass from the hieratic through the various steps which the scholar 
must take to reach the verbatim translation into English, after which he may 
turn to the free translation in volume I. It may safely be said that no scientific 
manuscript of this size and importance has ever before been presented with 
such a degree of thoroughness as is here shown. Another feature of interest 
to every reader, and of great value to the layman in interpreting the text, is 
the introduction to the second volume. In this is explained the general nature 
of hieratic writing and of the hieroglyphs, and there are set forth a number 
of important facts relating to grammar, the method of writing fractions (a 
particularly important subject in this manuscript), and a brief discussion of 
translation and pronunciation. All this work makes use of the studies of such 
philologists as Peet, Gardiner, Erman and Grapow, and Griffith, and therefore 
represents the latest linguistic researches. 

As to the photographic reproduction of the original, mention should be 
made of the small fragments which are now in the New York Historical Society. 
Professor Peet, working from drawings, succeeded in placing in the text 24 
of these fragments, and in the present edition a dozen more have been so placed. 
Certain of the bits of papyrus preserved with these fragments seem, however, 
not to have belonged to this manuscript, and are not inserted. 

In the hieroglyphic transcription the present edition has taken advantage 
of the work of Peet and of Gunn’s noteworthy review of the latter’s treatise, 
as is shown in numerous footnotes. The authors were also fortunate in having 
Gardiner’s recent Egyptian Grammar (1927) to assist them in their prepara- 
tion of volume II. Gunn’s review was likewise of great help in the translation 
and explanation of several words not theretofore clearly understood. 

With respect to the original contributions to the interpretation of the text 
it must suffice if a few references are given showing the departure made from 
the interpretations of Peet and Gunn, and calling attention to an important 
solution not heretofore made by any writers. Any more extensive list or at- 
tempt at explanation would carry this review beyond the limits of space which 
are allowed. In the following illustrations the references are by volume and 
page (or problem): I, 5-6, the theory of Egyptian division is treated in a man- 
ner that is both original and convincing; I, 7-10, the idea of the common frac- 
tion contradicts that of Peet (15-20); I, 4, the concept of 3 as an independent 
fraction, instead (as Gunn states) being arrived at “via 3”; I, 13, the reason for 
the table of the division of 2 by odd numbers (compare Peet, p. 34); I, 14, the 
question of whether the reckoning is a solution (as here stated) or a proof 
(as in Peet, 34 and as Hultsch some eighteen years earlier asserted); new read- 
ings in problems 4 and 5 (in which Gunn suggests an error in the MS); problem 
9, the discovery that the unit figures are not missing, as shown by the photo- 
graph; I, 36-37, on the question of the area of an isosceles triangle,—the use 
of the altitude or the length of a side. Dr. Chace takes the latter factor, a 
position which he himself admits is open to doubt, and which Gunn and Peet 
(Journal of Egyptian Archaeology, vol. 14, pp., 167-184) have recently shown 
to be untenable; II, prob. 86, in which the proper arrangement of this problem 
is shown for the first time. One of the most interesting differences is seen in 
problem 53. Of this, Professor Peet (p. 95) remarks. “It is hardly worth 
while to spend much time on a problem which is clearly incomplete and in- 
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correct... . The first calculation is hopeless....” While granting the dif- 
ficulty and inaccuracy, Dr. Chace gives (I, 94) a very reasonable explanation 
and one which seems worthy to meet with general acceptance. The solution 
of problem 40, the rule for a geometric progression (I, 30), the explanation of 
the way in which the Egyptians derived their value of x, and the explanation 
of problems 28 and 29 (I, 70) seem also to be new. It may not be out of place 
in this connection, also, to mention the fact that, in spite of Professor Peet’s 
scholarly treatment of the subject, some twenty-five errors in his work have 
been corrected, besides an umber of minor slips of the pen. 

As to the bibliographical material, it is as difficult to speak moderately 
as it is to speak in this way of the work as a whole, and particularly of the re- 
markable care taken in volume II. Professor Archibald has listed more than 
250 books, monographs, and articles on the subject of Egyptian mathematics, 
particularly with reference to the Rhind Papyrus, with certain related works 
on the contributions of the Babylonians. Not only did he personally examine 
each of these, with the exception of a single one now in press (and of which he 
had access to a description), but in every important case he has given a brief 
statement of the nature and value ofthe contribution. It is probable that no 
similar bibliography of this extent has ever been prepared with the same ac- 
curacy and care. The value of the rest of the work is greatly enhanced by its 
presence and the inspiration to other bibliographers will be salutary. Since 
the book was printed, two other articles of value have appeared,—Gunn and 
Peet on four problems in the Moscow papyrus (Journal of Egyptian Archae- 
ology for November, 1929), and Vogel on the Rhind papyrus (Munich, 1929). 
A supplementary leaflet relating to these has been inserted at the end of every 
published copy. In the former article it is suggested that the word used for 
cubit is probably the name for arm, and the editors of the Chace edition have 
evidence that it means the fullness of the arm,—that is, from the elbow to the 
finger-tips. 

Mr. Glanville’s article on the leather roll, which he first described in 1927, 
is also welcome. The document is a contemporary of the Rhind papyrus and 
contains little of value not found in the latter. It is here reproduced photo- 
graphically, with descriptive matter. 

A word should be said as to the authors of such a remarkable treatise and 
the knowledge which they have brought to the work. Dr. Chace, Chancellor 
(Chairman of the Board of Trustees) of Brown University, was a student at the 
University of Paris more than half a century ago. Circumstances took him 
into manufacturing lines but never destroyed his taste for scholarly pursuits. 
He and Mrs. Chace, some twenty years ago, on a visit to Egypt, determined to 
translate the Rhind papyrus. They took up the study of hieroglyphs and 
the hieratic writing, and finally, after years of labor, achieved their purpose. 
When the time came for considering the final preparation of the text, Dr. 
Bull, associate curator of Egyptian antiquities in the Metropolitan Museum 
of New York, and Professor Manning of Brown University, each familiar 
with both hieroglyphic and hieratic writing, were called to join with Dr. Chace 
in the work, particularly with respect to the arduous task of preparing volume 
II. As a result of the labors of all concerned, the work as a whole easily 
ranks as one of the best efforts yet made to render an early Egyptian work 
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available for the use of historians and others who may be interested in the 
subject. 

As to Professor Archibald, he stands easily at the head of American bibliog- 
raphers in the field of mathematics. If any evidence of this fact were needed, 
the bibliography here published affords ample proof of the assertion. Nor 
should I fail to mention the fact, known more fully to this reviewer than to 
most others, that much of the success of the publication is due to the arduous 
labors of Professor Archibald as the more active of the two members of the 
Committee on Publication appointed by the Mathematical Association of 
America. It is due to Dr. Chace to mention one other fact, that he met all 
the expenses of the publication, and that the income from the sales will all 
go to the endowment fund of this Association. And finally, in the way of 
personal matters, a large amount of credit is due to the skillful management 
of a man who delights chiefly in obscuring his own good works,—Professor 
H. E. Slaught, of the University of Chicago, who may properly be called the 
founder of the Association and the chief promotor of all its enterprises. 

With respect to the mechanical features, the two volumes stand in a class 
by themselves. Only a short time ago Mr. William Dana Orcutt published a 
work entitled, Jn Quest of the Perfect Book (Boston, 1926). It would not be 
far from the truth if it were said that this product of the Plandome Press is 
as near a perfect book of its kind, with respect to the mechanical as well as 
the intellectual features, as we can expect to see for many years to come. 

This review is manifestly one of praise, and this is justified. If there were 
enough in the way of adverse criticism to make its mention of any help to the 
reader, this would be included. After all, the purpose of a review is to state 
fairly the general nature of a book and not to hesitate to speak well of a good 
production any more than to call attention to the defects of a work in which 
these are of any moment. 

Davip EuGeNE SMITH 
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CAJORI ON MATHEMATICAL NOTATIONS 


A History of Mathematical Notations. By Florian Cajori. Two volumes. 
The Open Court Publishing Company, September, 1928, and March, 
1929. xvi+451 pp.; xvii+367 pp. Per volume, $6. 

This work is a much more ambitious undertaking than merely to trace 
the historical development of mathematical notations now in use. The author 
states that his endeavor has been “to do justice to obsolete and obsolescent 
notations, as well as to those which have survived and enjoy the favor of math- 
ematicians of the present moment.” This enlarged program accounts for the 
appearance of two substantial volumes where a single and smaller volume 
might, perhaps, have been expected. 

Volume 1 deals with notations in elementary mathematics, in three divi- 
sions: Numeral symbols and combinations of symbols, pages 2-70; Symbols 
in arithmetic and algebra, pages 71-400; Symbols in geometry, pages 401- 
431. In the first division, 45 pages are given to descriptions of the mathema- 
tical notations of the Babylonians, Egyptians, Phoenicians and Syrians, He- 
brews, Greeks, Early Arabs, Romans, Peruvians, Aztecs, Maya, Chinese and 
and Japanese, and the remaining 25 pages to the history of the Hindu-Arabic 
numerals. In the second division, the first 158 pages present the notations of 
more than 50 individual writers, representing many different nationalities, 
and the remaining 172 pages give a topical survey of the use of notations in 
various operations and relations of elementary arithmetic and algebra. 

Volume 2 treats of notations, mainly in higher mathematics, considering 
them in four divisions: Topical survey of symbols in arithmetic and algebra 
(advanced part), pages 1-141; Symbols in modern analysis, pages 142-314; 
Symbols in geometry (advanced part), pages 315-326; Teachings of history 
(as related to mathematical symbolism), pages 327-350. 

The two volumes constitute a notable contribution to the growing collec- 
tion of American books on the history of mathematics. They seem to the 
reviewer to be the most valuable and the most scholarly Work Professor 
Cajori has yet written. Both volumes should be in every college library and 
the first volume in every high-school library. 

In spite of its great excellence, the work seems to be lacking in some re- 
spects. Even a casual reader would be likely to notice the scant attention paid 
to geometry. This neglect may be due chiefly to the nature of the subject so 
far as elementary geometry is concerned but the same can scarcely be said 
of the various fields in higher geometry. Only 30 of the 431 pages in volume 
one and only 12 of the 350 pages in volume two are devoted to geometry. 
Of the 126 illustrations in the two volumes only one small cut appears in a part 
given over to geometric notation, although several illustrations showing geome- 
tric notation are given elsewhere (in connection with individual notations, 
vol. 1, pp. 203, 207, 209, 210). In view of the fact that the second volume con- 
tains 71 fewer pages than the first (which does not appear to be bulky) the 
reader who is particularly interested in geometry is not likely to feel that the 
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author is entirely justified in saying (vol. 2, p. 315) “Lack of space prevents 
the enumeration of the great masses of symbols occurring in the extensive 
literature on the recent geometry of the triangle and circle.” He is likely to 
feel something of mental protest at seeing 13} pages of this second volume 
devoted to the “evolution of the dollar mark” (which may seem doubtfully 
classed as a mathematical symbol at all) and the symbolism of the illustrious 
Poncelet, generally considered the chief founder of projective geometry, 
dismissed (vol. 2, p. 319) with the two brief and somewhat misleading sen- 
tences: “Poncelet, in his Traité des Propriétés Projectives des Figures, uses 
little symbolism. He indicates points by capital letters A,B,C, --- , and the 
center of projection by S.” The author cites only the first volume (Paris, 
1865) of Poncelet’s Traité. In the second volume (Paris, 1866) Poncelet em- 
ploys considerable symbolism, for example, 
(ap) (bg) (cr) XaP -aP’XbQ-bQ’XcR-cR’ 


(bp)(cq)(ar)XbP -bP’XcQ-cQ’XaR-aR’ 


which occurs on page 169; and he makes free use of small letters as well as 
capitals to represent points. Not only is there no attempt to trace the exten- 
sive symbolism of differential geometry and projective differential geometry, 
the subjects themselves receive no mention. 

All references in the indexes and lists of illustrations are to paragraphs 
instead of pages. This manner of reference is convenient for an author, but 
wastes the time of the reader and is especially unfortunate in a book likely to 
be used largely for reference. If paragraph numbers had been printed in 
bolder-faced type or guide numbers placed at the tops of pages, as guide words 
are placed in dictionaries, this inconvenience would have been lessened ma- 
terially. 

A few typographical errors were noticed. In line 1, page 73, volume 1, 
“X*” occurs for “x*”. In footnote 2, page 248, volume 1, N. J. Lennes is re- 
ferred to as U. J. Lennes. A part of line 19, page 11, volume 2, reads “Then 
all the sudden he writes ---.” This is probably a misprint for “Then all of a 
sudden he writes -- -.” On page 21, volume 2, a part of lines 25 and 26 reads 
“As seen in Figure 111, the same, manuscript sometimes shows of widely differ- 
ent shapes.” Such mistakes are, however, relatively few and such as occur 
are not very serious. References are abundant and carefully verified. 

Obviously a history of mathematical symbolism which should cover all 
of the highly specialized fields of modern mathematics would have to be a 
work of collaboration. There are limits to human patience and endurance, 
also, and few readers are likely to have any adequate realization of the time 
and painstaking effort the production of these volumes must have cost their 
author. No minor considerations should allow a reader to forget that mathe- 
maticians owe a debt of gratitude to Professor Cajori for having written so 
excellent a work. 

Recognition should be given to the Open Court Publishing Company for the 
high grade product of the printer’s art shown in these volumes. Selection of 
type, quality of paper, press-work and bindirg are all eminently satisfactory. 

U. G. MITCHELL 
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SHORTER NOTICES 


Elementary Differential Equations. By Thornton C. Fry. New York, D. Van 
Nostrand Company, 1929. x+255 pp. 


This book presents a specialized type of course in differential equations, 
which has been developed in the Out-of-Hour Courses of the Bell Telephone 
Laboratories, and is intended primarily for students of engineering. Quite 
naturally technical applications and illustrations play a prominent part in 
the work. The author has a style of presentation which is so plausible that, 
to the scientific student, formal proofs are likely to appear superfluous. But 
he has been careful to point out that physical intuition is not a substitute 
for abstract logic and that understanding of principles is more important 
than proficiency in operating mathematical machinery. In order to emphasize 
this view, the mathematical ideas and the illustrative material are presented 
in separate chapters. 

To illustrate the range of subject matter in the applications we find in 
Chapter III under the development of differential equations from physical 
laws the following illustrations: the law of mass action in chemistry, the 
catenary, the flow of current in an electrical network, the conduction of heat, 
irrotational motion in a perfect fluid, and the equation of the potential dis- 
tribution in a vacuum tube. The author remarks that some of the examples 
require the use of physical laws with which the student may not be familiar, 
but it is not expected that every student will digest every illustration. To 
quote from the preface: “The freedom of choice provided by this excess of 
material may perhaps be of little value to the instructor, who will probably 
draw his illustrations largely from the subject in which he is at the moment 
most interested, whether it be in the text or not; but the Out-of-Hour courses 
have shown it to have another sort of merit, in that the better students de- 
velop a spontaneous interest in these illustrations, éven when they are not 
assigned, and follow them up on their own initiative. The educational value 
of such voluntary effort needs no special emphasis.” 

In Chapter IV on methods of solution of first order equations we find 
prominence given to approximate methods, including numerical and graphical 
integration and the use of series. The applications (Chapters VI) include 
dissipation of heat in a wire, flow of heat in a sphere, curve of constant curva- 
ture, trajectories, freely falling body under the newtonian law, bending of a 
beam, deflection of structural columns, vibrating string, vibrating drum 
head, surface of revolution having minimum area, the brachistochrone, geo- 
desics on a curved surface, the problem of Dido, and a problem in probability. 

The latter part of the book is devoted to the discussion of linear equations 
and applications to various electrical phenomena. The method of treatment 
is original and should prove very valuable to the workers in this particular 
branch of engineering. 

In a book of this type it is not to be expected that the treatment would 
be always rigorous. The author has maintained a nice balance between mathe- 
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matical rigor and intuitive justification and it is obvious that he knew pre- 
cisely what he wished to do in this respect. 

The book will certainly prove to be of great value as a text for teaching 
the subject of differential equations to technical students. For those interested 
primarily in mathematics it contains much illuminating material. There 
is a large collection of instructive problems to which answers are given. 

Among the few misprints noted there is only one which might lead to mis- 
understanding. On page 31, tenth line from the bottom, the third word should 
be “order” instead of “degree.” 

W. R. LonGLey 


Platons Verhdltnis zur Geschichte der Mathematik. By Seth Demel. Leipzig, 

Felix Meiner, 1929. v+146 pp. Price 6 RM. 

This interesting and valuable contribution to the history of Greek mathe- 
matics and philosophy appears as the first part of the fourth volume of the 
Forschungen zur Geschichte der Philosophie und der Padagogik, edited by 
Artur Schneider and Wilhelm Kahl. The series is setting a high standard of 
scholarship, and we may venture to hope that a similar set of monographs, 
showing evidence of the same ideals, may in due time be founded in one of 
the schools of education in this country. 

What Dr. Demel has undertaken is a new study of the relation of mathe- 
matics to philosophy in the writings of Plato. The theme is by no means a 
new one, as he himself is at pains to show. Blass (1861), Rothlauf (1878), 
Cohen (1878), and various historians of mathematics have already considered 
it. But Dr. Demel has approached the problem from an angle which differs 
from those of his predecessors. He has considered the evidences of Plato’s 
knowledge of and dependence upon mathematics in successive periods, as 
evidenced by his writings. In this he has been aided by the studies of Wilamo- 
witz who, in 1918, considered with great care the chronology of Plato’s works 
as determined largely by his choice of words and his style. The first conclusion 
set forth is that, in his early period, Plato showed no evidence of any real 
knowledge of mathematics. Socrates, upon whom he was so dependent, was 
not interested in the subject, and Plato’s knowledge of any writings on the 
science by such scholars as Theodorus of Cyrene and Hippias of Elis seems to 
have been slight. In his Protagoras he mentions the subject, but sees in it 
little beyond a few remote analogies, elementary computation, and simple 
measurement. The first evidence of his conception of any noteworthy con- 
nection of mathematics with philosophy is found in the Charmides, where he 
argues that the former is something which transcends the mere utilitarian and 
has a genuine philosophic value. The same spirit is observed in the Gorgias. 
It is in the Menon, however, that Plato seems to have awakened to the real 
value of mathematics as a subject worthy the attention of the philosopher, and 
this value is emphasized in his later writings; notably in the Politicus, Theae- 
tetus, Parmenides, Timaeus, and Philebus. 

Throughout the work Dr. Demel has set forth his textual evidence in the 
original Greek, followed, except in minor cases, by a translation into German. 

Davip EuGENE SMITH 
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Legons sur les Nombres Transfinis. By W. Sierpinski. Paris, Gauthier-Villars, 
1928. 240 pp. 


The remarkable grace and ease with which this admittedly baffling subject 
is presented is sure to win for this book a warm welcome in many fields of mathe- 
matics. The book appears under the famous Borel collection of monographs, 
and habitual readers may be well assured that it is quite up to the standard 
set by previous contributors to this series. No previous knowledge of the sub- 
ject treated or of the theory of sets is presupposed, and any mathematician 
who cares to familiarize himself with this field, which has assumed such large 
proportions in recent years because of its applications in the theory of functions 
and in the theory of sets, will find here this necessary material in a surprisingly 
accessible and readable form. 

As is to be expected, much is found concerning the modern controversy 
between the so-called idealists and realists in mathematics, and the existence 
of that controversy pervades almost every page. The author himself, although 
lauded in the preface by Borel (who is a realist) as an idealist, which he un- 
doubtedly is, nevertheless presents some of the arguments of the realists and 
takes pains to establish as much of the treatment as possible on a basis which 
would be acceptable even to the realists. For example, much stress—and in 
the reviewer’s opinion, far too much stress—is placed on the fact that certain 
sets are effectively countable. The property of a given set M of being effectively 
countable, that is, of some person’s knowing a law by means of which the ele- 
ments of M may be enumerated, seems to the reviewer to be far too dependent 
on the human beings living at a given moment to be in any sense a mathe- 
matical property of a set. A given set M may be effectively countable to- 
morrow which is not so today; or worse yet, M may be effectively countable 
today and cease to be so tomorrow, for conceivably some person might dis- 
cover a law by means of which the elements of M may be enumerated, and 
unfortunately die the next day leaving no record of his discovery. I do not 
like to think of such an elusive property as a mathematical property at all. 
A mathematical property should be something which is, once for all, either 
possessed or not possessed by a given set M, and whether or not M possesses 
this property certainly is independent of the particular group of mathe- 
maticians which happen to be alive at a given time. It should be well under- 
stood, however, that the reviewer’s criticism is directed more at the realist 
than at the author of the book under review. 

As indicated in the title and preface, this treatment is devoted entirely to a 
study of transfinite numbers in themselves, to the complete exclusion of their 
numerous applications in other branches of mathematics. It is divided quite 
naturally into two parts of approximately equal length, the first being devoted 
to cardinal numbers and the second to ordinal ones. In each part the first 
five chapters are concerned largely with propositions which can be established 
without the aid of the axiom of choice or Zermelo Postulate, and in the sixth 
and last chapter there are given theorems which can be proved only with the aid 
of this postulate, together with a discussion of some of the alternatives to 
the postulate and of some of the outstanding unsolved problems in the theory. 
In each case the arithmetic of and laws of operation with the respective classes 
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of numbers are developed so far as is known, and indeed this is quite surpris- 
ingly far. Of particular interest in the first part is a very extensive chapter on 
countable sets and a slightly shorter one on sets having the power of the 
continuum. 

This treatment is quite satisfactory from the standpoint both of rigor 
and of clarity. Definitions are, for the most part, clearly and definitely given 
where needed; only in a very few cases—notably page 142 where the notion 
of the inverse of an order type is used—could a fuller explanation be desired. 
The book is not marred, as is too often the case, by a complicated and exten- 
sive system of symbolic notation, which contributes much to its readability. 
The author and the publishers are indeed to be complimented upon the appear- 
ance of such a well prepared treatise on such a well selected subject. 

G. T. WHYBURN 


Modern Geometry. By Roger A. Johnson. Houghton Mifflin, 1929. xiii+319 pp. 

The recent appearance of this book on Modern Geometry* will be welcomed 
by all mathematicians who believe in the intrinsic value of a more general 
interest in this subject. The content of the book deals with the geometry of 
the triangle and the circle developed by the elementary concepts of euclidean 
geometry extended to include some trigonometric functions and circular 
inversion. The latter topic, which is defined by means of similar figures and 
proportions, is introduced in an early chapter and used with excellent effect 
throughout the text. An important feature is the generalization of proofs 
by the use of “directed angles” as well as “directed distances.” By a sane 
introduction and use of the phrase “points at infinity” one of the transitions 
to the subject of projective geometry has been simplified for the student. 

It seems to the reviewer that this book will be found a valuable text for 
undergraduates and prospective teachers. At first sight an adequate number 
of exercises may appear to be lacking for such a purpose, but there are literally 
hundreds of stated theorems in which the construction and a part or all of 
the proof are left as exercises and this gives the student a better insight in the 
progressive development of the subject. The book will be equally valuable as 
a reference. As the editor has stated “The content of this book, in spite of 
its elementary character, is by no means well known to mathematicians in 
general.” A vast amount of material has been collected from numerous 
sources and for this reason the book furnishes a background of the subject 
and a wealth of information which will be found invaluable in the teaching 
of elementary geometry. 

Doubtless many teachers would have preferred a different arrangement 
for the topics which are included. Suffice it to say that the author has achieved 
to a marked degree his purpose as stated in the preface “the unity and har- 
mony of the arrangement and the interrelation of the various parts to one 
another.” We commend this book with the belief that it merits success. 

J. I. Tracey 


* For a detailed statement of contents see The American Mathematical 
Monthly, vol. 36, (November, 1929), p. 482. 
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Histoire des Sciences Mathématiques dans I’ Antiquité Hellénique. By Gino 
Loria. Paris, Gauthier-Villars, 1929. iv+215 pp. Price 30 fr. 


This brief survey of the mathematical achievements of the ancient Greeks 
is one of the series Science et Civilization edited by M. Maurice Solovine, who 
is also the editor of the equally important series Les Maitres de la Pensée 
Scientifique, a collection of original sources. Both he and the publishers de- 
serve the thanks of scientists and the general reading public for having placed 
this material in a form that can be procured at a moderate price. Our organiza- 
tions for the advancement of adult education would do well to consider such 
means to aid their efforts. 

In the present work Professor Loria, whose important treatises on the 
history of mathematics are well known, has condensed into about two hundred 
pages the story of Greek mathematics from the time of Thales to that of Heron 
of Alexandria. He has very properly prefaced this story by a chapter on the 
“cradles of mathematical thought,” namely, on the work of the Assyro- 
Babylonians and the Egyptians. His subsequent chapters relate to (Chap. II) 
the origin and first phase of development of Greek mathematics, (III) the 
golden age of Greek geometry, (IV) the contemporaries and immediate 
followers of the great mathematicians of Greece, (V) Greek arithmetic (theory 
of numbers), (VI) Greek astronomy, and;(VII) the Greek spirit in modern 
mathematics. 

Naturally such a wide field can only be covered in so few pages by placing 
the emphasis upon the leading features. In this Professor Loria shows once 
more that he not only writes with a facile pen but selects his material with 
enviable discernment. He shows his familiarity with some of the recent dis- 
coveries of archaeology and takes the sensible view that the interchange of 
ideas between peoples is not a monopoly of modern transport but has always 
been a force for the spread of knowledge. He calls attention to such racial 
peculiarities as the use of very large numbers in Babylon and the general re- 
pugnance to this use in the Greek schools; to the knowledge which the Baby- 
lonians had of the relations of the sides of a right triangle and the absence 
of geometric proof of any such statements, but fails to mention the recent 
discoveries respecting the angle in a semi-circle or the rule for the quadratic; 
and in general he selects the characteristic features with respect to each country 
and era. His statements concerning the Rhind Papyrus need revision on 
account of the recent appearance of the editions of Professor Peet and Dr. 
Chace. While he mentions the Moscow Papyrus, he naturally could not speak 
of it with any authority since it is yet to be made known in any complete way. 

Readers will be interested in the assertion that Pythagoras more than any 
other man deserves the title of the “fondateur de la glorieuse famille des 
mathématiciens”; that the tradition of his proof of the right-triangle relation 
is probably founded on fact; and that this proof was substantially the one 
which we now state in algebraic form. Such items, historical or conjectured. 
*haracterize the passages devoted to all the leading Greek mathematicians, 
vaus giving a popular presentation of their work. 

The chapter that will attract the reader of elementary mathematics most 
is the one referring to the influence of Greek methods on modern theories. 
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Among the later writers whose works show marked evidence of this influence 
Professor Loria mentions Copernicus, whose indebtedness to Aristarchus is 
well known; Snell, who was called “Eratosthenes Batavus”; Descartes, who 
built on the work of Apollonius, but developed a new method; Chasles and 
Steiner, who were deeply indebted to Pappus and his predecessors; the mathe- 
maticians of the seventeenth century who owed so much to Eudoxus and 
Archimedes; and the arithmeticians and algebraists who were inspired by the 
work of Diophantus. The list could, of course, be greatly extended, but not 
readily in a work of this nature. 

That a publication of this size should give an exhaustive treatment of 
any special topic is not to be expected. What the book pretends to be is a popu- 
lar presentation of the chief features of Greek mathematics, and this it is. 

Davip EuGENE SMITH 


The Chequered Career of Ferdinand Rudolph Hassler, First Superintendent of the 
United States Coast Survey. By Florian Cajori. Boston, The Christopher 
Publishing House, 1929. 245 pp. 


This book provides a vivid and interesting account of the life and work of 
the founder of the U. S. Coast Survey. Professor Cajori follows Hassler’s 
steps from his birth in Switzerland in 1770 through his early geodetic opera- 
tions to his migration to America in 1805, professorship at West Point in 
1807-1809, at Union College 1810-1811, in Europe purchasing scientific 
instruments for the United States Government 1811-1815, initiating the 
Coast Survey in 1816-1818, surveying the northeastern boundary line in 1818- 
1819, engaging in various occupations in 1820-1830, and finally in Govern- 
ment employ, as Superintendent of Weights and Measures and director of the 
Coast Survey, the crowning work of his life, from 1830 to his death in 1843. 

Hassler’s experiences form an instructive example of the tribulations and 
ill-success that often attend a man of pure science who lacks the practical 
experience and tact to accomplish results in the world of affairs which his 
ability and originality would otherwise certainly bring to fruition; and on the 
other hand, these same experiences illustrate the shortsightedness of the 
“practical” men of affairs, who also failed to accomplish as much as they would 
have done, particularly in the early years of the Coast Survey, had they 
possessed the imagination to overlook the oddities and short-comings of this 
man who although living in a different world could have done his part in 
bridging the gulf between, had he received sympathetic assistance. 

It is a pity that the usefulness of this interesting little volume should be 
marred by its unsatisfactory outward form. Paper and type are inferior, there 
are numerous misprints (on p. 97, |. 6 from the bottom, “Madison” should 
be “Monroe”, an editorial error) and the arrangement of chapters and para- 
graphs leaves much to be desired. In translations from the German, Teutonic 
idioms have been permitted to creep in, as on pp. 21, 22, 29. But after all, 
these are external matters; the book is an interesting and useful addition to 
our knowledge of American science and American life a hundred years ago. 


R. B. McCLENON 


1930-] SHORTER NOTICES 179 


I. Der Vierdimensionale Raum. By L. Eckhart. (Vol. 84. Mathematisch- 
Physikalische Bibliothek) Berlin, Teubner, 1929. 54 pp. 


II. Der Vierdimensionale Raum. By R. Weitzenbok. (Die Wissenschaft 
Einzeldarstellungen aus der Naturwissenschaft und der Technik, Vol. 80) 
Braunschweig, Vieweg and Sohn, 1929. 141 pp. 

These two little volumes, bearing the same title, attempt to present to 
the physicist the fundamental geometric notions of geometry of more than 
three dimensions. The intuitions are developed through the study of the linear 
equations of more than three variables, keeping in mind the analogies with 
linear equations of three variables. The conceptions of non-linear varieties 
are then built up. 

During the last ten or fifteen years, nearly everyone has had some interest 
in Relativity and Quantum Mechanics, and these books are intended to lay 
a foundation for the mathematically inclined. The style of both of them is 
clear and forceful and no doubt they will accomplish their end. 

Weitzenbok devotes considerable space to the applications of hyper- 
geometry to Physics, Chemistry, Astronomy, Religion and Spiritualism. Very 
few equations are given in these applications but the indications are sufficient 
to enable the reader to understand what the applications really are. 

C. L. E. Moore 
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NOTES 


The Third International Congress of Applied Mathematics will be held at 
Stockholm, August 24-29, 1930. 


The Seventh Scandinavian Mathematical Congress was held at Oslo, 
August 19-22, 1929, under the presidency of Professor Alf Guldberg. 


The First Mathematical Congress of the Union of Socialist Soviet Republics 
will be held at Kharkow, June 24-29, 1930, under the presidency of Professor 
S. Bernstein. Foreign mathematicians are invited to attend; those interested 
should address inquiries to the Organization Committee of the Congress, Post 
Office Box N 333, Kharkow. 


A mathematical colloquium will be held at St. Andrews, Scotland, July, 
19-30, 1930, under the auspices of the Edinburgh Mathematical Society. 


The following officers of the London Mathe:natical Society have been 
elected: President, Professor S. Chapman; Vice-President, Professors W. E. H. 
Berwick, P. J. Daniell, and E. H. Neville; Treasurer, Dr. A. E. Western; 
Librarian, Professor H. Hilton; Secretaries, Professor G. N. Watson and Mr. 
F. P. White; new members of the Council, Mr. T. W. Chaundy, and Professors 
G. H. Hardy, H. Levy, and L. J. Mordell. 


The American Society of Mechanical Engineers will celebrate its fiftieth 
anniversary at meetings to be held in New York City, Hoboken, and Washing- 
ton, April 5-9, 1930. 


The division of mathematics at Harvard University has established a new 
mathematical society called the Harvard Mathematical Colloquium. The 
meetings occur fortnightly, and are open to all mathematicians in Cambridge 
and its vicinity. Among the speakers of the year are the following: Professors 
Graustein, Rado, Birkhoff, Walsh, Morse, and Stone of Harvard, Professors 
Wiener, Struik, and Franklin of the Massachusetts Institute of Technology, 
and Messrs. Morrey and Currier of Harvard. 


The fourth volume of the series of Carus Mathematical Monographs will 
be ready in March, 1930. The title is Projective Geometry, by Professor J. W. 
Young, of Dartmouth College. The preceding volumes are: Calculus of Varia- 
tions, by Professor G. A. Biiss; Analytic Functions of a Complex Variable, 
by Professor D. R. Curtiss; and Mathematical Statistics, by Professor H. L 
Rietz. This series is published by the Open Court Publishing Company for 
the Mathematical Association of America, through the financial support of 
Mrs. Mary Hegeler Carus. 


Dean W. H. Metzler, of the New York State College for Teachers, has 
published privately a work entitled A Treatise on the Theory of Determinants, 
by Thomas Muir, revised by William H. Metzler. This work can be secured 
from the Banta Publishing Company of Menasha, Wisconsin. 


— 
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The Nobel prize in physics for 1929 was awarded to Louis de Broglie, not 
to his older brother, Maurice Francois César, Duc de Broglie, as announced 
in the January number of this Bulletin, p. 41. This error was due to an in- 
correct dispatch by the Associated Press from Stockholm, which was widely 
copied. 


The scientific prize of the Lasserre Foundation has been awarded jointly 
to Professor Eugéne Bloch, of the chair of theoretical and celestial physics 
of the Faculty of Sciences of Paris, and Léon Bloch, assistant in physics in 
the same Faculty. 


The Paris Academy of Sciences announces the award of the following prizes 
for 1929: the Francoeur prize to Paul Noaillon, for his work in mathematical 
analysis and in hydrodynamics; the Poncelet prize to Alfred Liénard, for his 
work in the application of general theories of mechanics to problems in e lec- 
trostatics, electrodynamics, and magnetism; the Lalande prize to Alexandre 
Véronnet, for his work on the shape and constitution of the heavenly bodies; 
the Damoiseau prize to Gaston Fayet, for his memoir entitled Contribution 
a l’ étude des eccentricités des orbites cométaires; the prize of the Ministry of the 
Navy to Eugéne Emery, for his work in exterior and interior ballistics; the 
Hébert prize to Georges Déjardin, for his work on the potentials of ionization 
and the classification of spectral lines of atoms; the Henri de Parville prize to 
Marcel Pauthenier, for his solution to the problem of absolute retardations 
in the electro-optical phenomenon of Kerr; the Montyon prize in statistics to 
Maurice Olivier, for his work entitled Les nombres indices de la variation des 
prix; the Binoux prize in history and philosophy of the sciences to Prosper- 
Jules Charbonnier, for his Essais sur l'histoire de la balistique; the Henri 
Poincaré medal to Louis de Broglie, for his work in wave mechanics; the 
Bordin prize to Henri Bénard, for his work on vortices; the Petit d’Ormoy 
prize in mathematics to Paul Montel, for his work in the theory of functions; 
the Saintour prize to Bertrand Gambier, for his work in infinitesimal geometry ; 
the Wilde prize to Léon Brioullin, for his work in physics; the Gustave Roux 
prize to André Roussel, for his work in mathematical analysis. 


The British Institution of Electrical Engineers has awarded the Faraday 
Medal to Sir Ernest Rutherford, of Cambridge. 


The American Association for the Advancement of Science has awarded 
its prize for “a noteworthy contribution to science” presented at its annual 
meeting to Professor A. J. Dempster, of the department of physics of the 
University of Chicago for his work on the wave behaviour of protons. 


The Mathematical Association of America has awarded its Chauvenet 
prize for mathematical exposition to Professor T. H. Hildebrandt, of the 
University of Michigan, for his paper entitled The Borel theorem and its gen- 
eralizations, published in this Bulletin (vol. 32 (1926), pp. 423-474). 


Professors Max Born and James Franck, of the University of Géttingen, 
Professor L. E. J. Brouwer, of the University of Amsterdam, Sir William Bragg, 
of the University of London, and Professor G. H. Hardy, of the University of 
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Oxford, have been elected to membership in the Prussian Academy of Sciences. 


Maurice de Broglie has been elected a foreign member of the Upsala Acad- 
emy of Sciences. 


E. Esclangon, director of the Paris Observatory, has been elected a member 
o! the Paris Academy of Sciences in the section of astronomy. 


A bust of Henri Poincaré has been placed in the hall of the Paris Academy 
of Sciences. 


Professor A. S. Eddington, of Cambridge, has been elected president of the 
Mathematical Association, London. 


Sir Ernest Rutherford has been elected president of the Royal Society 
of London. 


Professor G. N. Lewis, of the University of California, has been elected 
an honorary member of the Swedish Academy of Sciences. Professor Lewis 
has also recently received an honorary doctorate from the University of 
Chicago, for his contributions to physical chemistry. 


Mr. W. D. Lambert, of the United States Coast and Geodetic Survey, 
has been elected president of the Philosophical Society of Washington. 


The following have been appointed to National Research Fellowships 
in mathematics for 1929-30 (this list includes reappointments): A. C. Berry, 
A. B. Brown, L. W. Cohen, C. C. Craig, Jesse Douglas, H. T. Engstrom, 
J. J. Gergen, B. W. Jones, N. H. McCoy, Morris Marden, Gordon Pali, 
W. T. Reid, J. H. Roberts, N. E. Rutt, Marie J. Weiss. 


Professor Georg Madelung, of the Berlin Technical School, has been 
appointed professor of aeronautics at the Stuttgart Technical School. 


Dr. Wolfgang Sternberg, of the University of Breslau, has been promoted 
to an associate professorship of mathematics. 


Dr. E. T. Copson, of the University of Edinburgh, has been appointed 
lecturer in mathematics and applied mathematics at the University of St. 
Andrews. 


Dr. W. H. McCrea has been appointed lecturer in the department of 
mathematics at the University of Cambridge. 


Dr. William Saddler, of the University of St. Andrews, has been appointed 
professor of mathematics at Canterbury College, Christchurch, New Zealand. 


Professor Ludwig Prandtl, director of the Kaiser Wilhelm Institute for 
Research in the Flow of Fluids, at the University of Géttingen, has delivered 
a series of lectures at the University of Michigan and the Carnegie Institute 
of Technology. 
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Mr. B. R. Beisel, of Cornell, has been appointed assistant professor of 
mathematics at the University of Pittsburgh. 


At Syracuse University, Professor A. D. Campbell has been promoted 
to the headship of the department of mathematics in the College of Liberal 
Arts. 


Dr. H. V. Craig, of the University of Wisconsin, has been appointed ad- 
junct professor of mathematics at the University of Texas. 


Professor A. A. Michelson, of the University of Chicago, has retired. 


Professor O. E. Randall, of the department of applied mathematics at 
Brown University, will retire in June, 1930. 


Dr. Otto Krigar-Menzel, emeritus professor of theoretical physics at the 
University of Berlin, is dead. 


Professor Eduard Study, of the University of Bonn, the distinguished 
geometer, died January 6, 1930, at the age of sixty-seven. 


Professor A. V. Vasiliev, of the Universities of Kazan and Leningrad, 
died October 6, 1929, at the age of seventy-six. 


Major P. A. MacMahon, known for his work on combinatorial analysis, 
died December 25, 1929, at the age of seventy-five. 


Dr. Asaph Hall, of the United States Naval Observatory, who retired 
from a professorship in the Navy in June, 1929, died January 12, 1930, in 
his seventy-first year. 


Professor E. D. Roe, Jr., of Syracuse University, died December 11, 1929. 
(See the present issue of this Bulletin, p. 161.) 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THIS SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation 
at meetings of the Society. They are numbered serially through- 
out this volume.* Cross-references to them in the reports of 
the meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract.f 

67. Professor F. C. Jonah: The Green’s matrix and expansion 
problem for systems of integro-differential equations. 

This paper treats a system of integro-differential equations Y’(x)— 
{ A(x)A+B(x)} V(x) = F(x) A(Y) +]? R(x, s) Y(s)ds with the boundary 
condition L(Y) =W® Y(a)+W™” Y(6) +f H(x) Y(x)dx=0, where F(x) is an 
n-dimensional vector, A(Y) is a linear operator on the vector Y, linearly 
independent of L(Y), and the remaining letters denote n-dimensional square 
matrices whose elements possess certain properties of continuity and in- 
tegrability. Four distinct cases are treated. In each case the author has found 
a Green’s matrix and has carried through the expansion problem, various cases 
being essentially different one from another. An auxiliary theory of vector 
integral equations is developed, and the notion of a pseudo-resolvent matrix 
is introduced. 


68. Professor I. M. Sheffer: Polynomial solutions of linear 
differential equations ; expansions. 


The writer has considered, in previous communications to the Society, 
a theory of sets of polynomials. On the analytic side such sets generate linear 
differential equations of infinite order of a certain type. In the present paper 
we consider a class of such equations, namely those of finite order. We con- 
sider properties of the polynomial solutions as well as properties of the as- 
sociated set of functions defined by the dual differential equation. The paper 
is also concerned with the problem of expanding analytic functions in terms 
of the polynomial solutions. It may be noted that when the order of the equa- 
tion is two, some familiar polynomial systems are included, among them the 
Legendre polynomials. 


* In the future, abstracts of papers will appear under the heading given 
above, separately from the reports of meetings, as explained in the announce- 
ment of pages 1-2 of the January issue. Eventually, many abstracts will 
be printed in advance of the meeting at which the corresponding paper is 
presented. 

+ Thus, if an abstract numbered 238 is printed in issue No. 5 of volume 36, 
the cross-reference will be (Abstract No. 36-5—238). 
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69. Dr. C. O. Oakley: Differential equations containing ab- 
solute values of derivatives. 

The equation u’’+piu'’+p.u+q: |u’|+g2|u|=¢ is studied, and the exist- 
ence of solutions continuous in their first two derivatives is established by 
means of the system of associated linear equations. Oscillation, separation 
and comparison theorems are developed for the homogeneous equation. It is 
found that the zeros of two solutions may (depending upon the coefficients 
and upon the initial conditions) (1) separate singly or coincide as in the theory 
of linear equations; (2) separate by pairs; (3), as an intermediate case, alter- 
nately separate and coincide. Further it is shown that solutions may jump 
from one kind of separation to another. 


70. Professors Einar Hille and J. D. Tamarkin: On irregular 
kernels. 


The authors study the integral equation y(x) =f(x) +rf0 K(x, t)y(t)dt, where 
K(x, t) belongs to L. Assuming fi | K(x, #) |dt<Q, and I | <1/Q and that f(x) 
is integrable, they show the existence of an integrable solution defined by the 
Neumann series. This is the only bounded solution if f(x) is bounded, but other 
integrable or even quadratically integrable solutions may exist. A sufficient 
condition for uniqueness is determined. The authors have also studied the 
distribution of the characteristic values for a kernel of the type mentioned and 
for kernels belonging to L?, p<2. 


71. Mr. O. J. Farrell: On the expansion of harmonic functions 
in terms of harmonic polynomaals. 


Let B designate the interior of a simple closed finite Jordan curve C in the 
(x, y)-plane. Let ¢(z), z=x-+7y, be a function which maps B conformally onto 
the interior of the unit circle. Then it is found that there exists a set of har- 
monic polynomials { p,(x, y)} belonging to the region B, together with a set of 
functions {g,(x, y)} continuous and biorthogonal to the set {,(x, y)} on 
every curve C,: |¢(z) |=p (0<p<1), such that if F(x, y) be an arbitrary func- 
tion defined and integrable (in the sense of Lebesgue) on an arbitrary curve C,, 
the series ¥), On =fc,F(x, y)qn(x, yds, converges within C,, con- 
verges uniformly in every closed region interior to C,, and thus defines a func- 
tion harmonic within C,. The convergence of this series is also studied when 
further restrictions, such as continuity, or continuity with boundedness of 
variation, are put on F(x, y). Series of the form }>7 -1¢np,(x, y), where the c, 
are arbitrary constants, are included in this study. In the special case where C 
is analytic most of these properties have already been established by Walsh 
(Proceedings of the National Academy, vol. 13 (1927), pp. 175-180). 


72. Professor W. A. Hurwitz: The oscillation of a sequence. 


For any given sequence (x) of real or complex numbers x1, x2, x3, °° ~ , let 
Q(x) =lim sup | as m0, n—2. The quantity Q(x), called the 
oscillation of the sequence, may be considered as measuring the deviation of 
the sequence from convergence. The following theorem is proved: In order 


= 
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n 
that a regular transformation of the form )-t-1a,,2x. may be such that 
we have 2(y) S$(x) for every sequence (x) it is necessary and sufficient that 
a 
7lasn—o, 


73. Professors D. C. Gillespie and W. A. Hurwitz: On se- 
quences of continuous functions having a continuous limit. 


The authors prove a theorem on summability of sequences of functions. A 
typical special case is the following: If in the interval a<x3b, s,(x) is con- 
tinuous, | su(x) | <M, s,(x)—s(x), and s(x) is continuous, then there exists a 
totally regular transformation which carries the sequence into a new sequence 
{on(x)} such that o,(x)—s(x) uniformly. Incidentally this result provides a 
necessary and sufficient condition that the limit of a bounded sequence of 
continuous functions be continuous. 


74. Professor R. L. Jeffery: The integrability of a sequence of 
functions. 


Let f=fi, fe, - - - be a sequence of functions summable on the measurable 
set E, and convergent to the summable function fo. Vitali has shown (Palermo 
Rendiconti, vol. 23, p. 137) that the equi-convergence of the sequence of 
integrals is necessary and sufficient for “complete integrability.” This 
condition is sufficient but not necessary for “integrability,” that is, that 
lim, .2fefadx =fefodx. In this paper we have obtained conditions which are 
both necessary and sufficient for integrability, the most general of which is as 
follows: Let g=g1, go, - - - be any sub-sequence of f. Let p(g, m, 5) be the least 
upper bound, o(g, n, 5) the greatest lower bound of figidx, (¢=1,2,--- , 2), for 
all possible sets e with me<é. It is then necessary and sufficient for the 
integrability of f that corresponding to every g of f and every e>0O there is a 
number 6,.>0 such that for every 5<4,,. it is possible to find nm =n5 such that 
for n2=ng we have |p(g, n, 6) +o(g, n, 5) If for every g both p(g, n, 6) and 
o(g, m, 6) are bounded in m for some 6, necessary and sufficient conditions can 
be obtained in more concise form. 


75. Dr. T. H. Gronwall: Some series expansions in the lattice 
theory of crystals. 

The application of quantum considerations to the lattice theory of crystals 
leads to the summation of Eigenfunktionen of the hydrogen type with their 
origins at the different lattice points. The present paper gives a general method 
for reducing these sums to a form which is suitable for numerical calculation. 
An example of the type of formulas arrived at is the following, referring to the 
simple cubic lattice: 


where the summations run through all integers except the combination 
£=1,=1=0. 
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76. Professor A. D. Campbell: Rectangular axes associated 
with a curve in four-dimensional space. 

Consider a curve *;=f;(s), x2=fe(s), xs=fa(s), xs=fs(s), where s is the arc. 
The tangent at a point P has the direction cosines a;;=x;’, where t= 1, 2, 3, 4, 
and x;’ means dx;/ds. One normal at P has the direction cosines a2:=p,x;"’ 
where 1/pi=)_x;’%. The normal to the osculating hyperplane at P with 
direction cosines ax and a third normal at P that is perpendicular to these 
other two normals are now taken. Using these four mutually perpendicular 
lines, the author obtains in this paper direct generalizations to four-dimensional 
space of the Frenet-Serret formulas and of the moving trihedral for curves in 
three-dimensional space. In these generalizations a radius of curvature p; 
appears and also p3, where 1/p? =) a;?. An article by Thomas Craig, Dis- 
placements depending on one, two, and three parameters in a space of four dimen- 
sions (American Journal of Mathematics, vol. 20 (1898), pp. 135-156) treats 
the same subject; but in it no use is made of the osculating hyperplane, the 
normals, or the curvatures of the curve on which the origin of the moving axes 
is supposed to be situated. 


77. Professor T. R. Hollcroft: Equivalence in hyperspace. 


In this paper, formulas are derived for the equivalence of the following 
manifolds, each considered as occurring to any given multiplicity on 7 hyper- 
surfaces of given order in 7 dimensions: (1) linear manifolds of any given 
dimension; (2) lines (planes) with a given number of points (points or lines) of 
intersection; (3) plane (space) curves of given order (order and rank); (4) 
surfaces of given order. 


78. Professor C. A. Rupp: Linear spaces associated with 
hyperquadrics. 

When the coefficients of a general linear homogenous equation in n+1 
variables are functions of the coefficients of a general symmetric quadratic 
homogeneous equation in n+1 variables, there exist geometric relations be- 
tween the hyperplane represented by the linear equation, the hyperquadric 
represented by the quadratic equation, and the coordinate simplex. These 
geometric relations are displayed for several particular cases. 


79. Professor F. R. Sharpe: Plane involutions of order three 
or four. 

Let Ic | =a,C,+a2.C,=0 be a pencil of curves of grade m and genus p and C 
a curve of genus P, determined by its basis points, which meets Ic] in t—n 
variable points. If t=p+1, then |C|+C is a net of curves of genus 
pt+ptt—n-1 and superabundance ptp—n defining an involution of order t. 
The cases t=3 or 4 are considered in detail. 


80. Professor F. R. Sharpe: The mapping of monoidal in- 


volutions. 
Monoidal involutions with vertex O were reduced by Montesano to 5 types 
according as the lines through O are each invariant or interchanged in pairs by 


= 
= 
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one of the four types of ternary involution. It is shown that the last four types 
can all be mapped on the same type of variety in four-way space. 


81. Professor Virgil Snyder: On an involutorial transforma- 
tion found by Montesano. 

The involutorial transformation in question is of order 7, and belongs to a 
general linear line complex, each line of which contains three pairs of conjugate 
points. Various systems of invariant surfaces are derived, and a number of 
features established that suggest that it may be irrational. 


82. Professor J. H. Neelley: Notes on the rational plane oscno- 
dal quartic curve. 

An article in the July-August, 1929, issue of this Bulletin proposed a 
theorem concerning the singularity in question which we have found to be 
false. In its stead this paper developes several new theorems which cover the 
whole field of the oscnode for the curve R:*. New necessary and sufficient 
conditions for the singularity are developed. 


83. Dr. Oscar Zariski: On the moduli of algebraic functions 
possessing a given monodromy group. 


This paper deals with an application of the Galois theory to algebraic 
geometry. All transitive groups of substitutions on n letters are divided, with 
respect to a given genus #, into two classes, special and non-special groups, a 
group G being in the first or the second class according as the n-valued algebraic 
functions of genus p possessing G as monodromy group are of special or 
general moduli. For instance, as was shown by the author elsewhere, all 
solvable groups are special for any p>6. Given a complete continuous system 
> of n-valued algebraic functions y having G as monodromy group, the author 
studies the problem of evaluating the number of birational moduli of the 
functions of ©. On the algebraic curve ¢, on which the generic function y of = 
corresponds to a linear involution g,?, virtually complete linear series ||gm|| are 
defined with neutral sets of points belonging to the jacobian set of the g,’. The 
notions of special virtual series and of index of specialty of a virtual series are 
also defined. In particular the consideration of the two-fold of the series g, 
leads to the following theorem, which generalizes a theorem stated by Severi 
for simple branch points: The functions y of = depend on 3p—3—i moduli, 
where i is the index of specialty of the virtually complete series ||2g,\|.. 


84. Mr. A. P. Mellish: An application of vector analysis to 


the theory of curves of constant width. 


In this paper the fundamental properties of curves of constant width are 
developed by means of vector analysis. This method may also be applied to 
surfaces of constant width. 


85. Professor D. J. Struik: Invariant treatment of ovals. 


Many theorems on ovals have been proved by methods such as the theory 
of Fourier series, that are not invariant under rotations and translations. An 


— 
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attempt is made to give a vector analytic treatment of this part of geometry. 


86. Professor M. S. Knebelman: Content-preserving trans- 
formations. 


This paper deals with extended point transformations which preserve the 
content of every k-cell in an n-dimensional Riemann space. It is shown that if 
there exists such a transformation for a given k <n, it must be a motion of the 
space into itself and therefore the content of every cell of every dimensionality 
is preserved. This theorem is not true if =n, since in every n-dimensional 
Riemann space there exist transformations preserving the volume of every 
n-cell and not preserving the content of the cells of any lower dimensionality. 
These transformations are defined by a vector density whose divergence 
vanishes. 


87. Dr. Jesse Douglas (National Research Fellow) : Solution 
of the problem of Plateau for any rectifiable contour in n-dimen- 
stonal euclidean space. 


The author has introduced into the problem of Plateau (see abstracts in this 
Bulletin, vol. 33, pp. 143, 259; vol. 34, p. 405; vol. 35, p. 292, vol. 36, p. 49-50) 
the functional Ds[es(0) — do/sin? 3(0—¢) 
= (x/2)._,m(D,2,, +>,0..), where the range of the argument g consists of 
all representations x;=g;(0), 7=1, 2,---,m, of the given contour as topo- 
logical image of the unit circle, and aim, bim denote the Fourier constants of g;. 
Improper representations, in which entire arcs of the contour correspond to 
points of the circle or vice versa, must be included to produce a compact set 
[g] and so permit the application of the results of Fréchet’s thesis (Palermo 
Rendiconti, vol. 22 (1906), pp. 1-74). A(g) is either finite or + ©; but if the 
contour is rectifiable, A(g) surely has a finite value for every parameter 6 such 
that the arc-length s obeys with respect to @ a Lipschitz condition of order >}. 
A(g) is readily shown to be lower semi-continuous and hence attains its 
minimum value. Reasons are adduced for rejecting the possibility that the 
minimizing representation g° be improper. The required minimal surface is 
the harmonic surface determined by the boundary values g;°(@) (Poisson’s 
integral). This is the first solution of the problem of Plateau for a contour of 
the specified degree of generality. 


88. Dr. Jesse Douglas (National Research Fellow): Solution 
of the problem of Plateau when the contour is an arbitrary 
Jordan curve in n-dimensional euclidean space; 1. 


From rectifiable contours we can pass to any Jordan contour by a variety 
of limit processes. For instance, Montel’s principle might be employed. 
Better, suppose x;=f;(#) to represent the given contour in some fixed para- 
metrization; then we may express the continuous functions f;(¢) as the limits 
of their Fejér trigonometric polynomials, and so obtain a sequence of rectifiable 
contours I'm:x;=Sin(t), m=1, 2, 3,--+, tending to the given contour I as 
limit. By the preceding paper, each I, has a parameter @,, giving the solution 
of the Plateau problem for I'm, @n being derivable from ¢ by a topological 
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transformation T,, of the unit circle into itself. Since the totality of auto- 
homeomorphisms of the unit circle forms a compact set, there exists a sub- 
sequence of transformations T,, converging towards a limit 7, provable to be a 
proper topological transformation of the unit circle into itself. Let @ denote 
the parameter on IT derived from ¢ by the transformation T, and let x;=g;(@) 
be the equations of I’ in terms of this parameter; then the harmonic surface 
determined by g;(@) is the required minimal surface. The remark at the end 
of the preceding abstract applies here a fortiori. 


89. Dr. Jesse Douglas (National Research Fellow): Solution 
of the problem of Plateau when the contour is an arbitrary Jordan 
curve in n-dimensional euclidean space; II. 

An alternative method is to introduce the functional A p2= (x/2) 
a. involving the parameter p; OSp<1. Under the 
specified restrictions on p, this functional is finite-valued for al] g, the con- 
vergence of the infinite series being assured by Parseval’s theorem. The 
functional is moreover continuous, and therefore will attain its minimum value 
if the range of g is any compact set. In order to avoid the degeneration of the 
minimizing g to the one for which every dim, bim=0 (“extraordinary” repre- 
sentation, in which the whole unit circle corresponds to a point of the contour 
and vice versa), we require g to make three fixed points of the contour corre- 
spond to three fixed points of the circle; it is shown that eventually no gener- 
ality is lost by this restriction. Let g, minimize A,(g); since the set [g] is 
compact, p can be made to tend to 1 so that g, tends to a limit g;, proved to be a 
proper representation and to give the required minimal surface. A similar 
method can be based on the functional A;(g) =(x 7 m(,4,,+,b,,,)» 
also expressible as a double integral. This finite, continuous functional attains 
its minimum for a certain g.; and g; tends to a limit furnishing the required 
so'ution if k tends suitably to «. 


90. Dr. Jesse Douglas: The problem of Plateau and the theorem 
of Osgood-Carathéodory on the conformal mapping of Jordan 


regions. 

The author was the first to point out (from the very beginning, April, 1926, 
of his work on the Plateau problem; see this Bulletin, vol. 33 (1927), pp. 143, 
259) that the Plateau problem ought to be formulated so as to demand not 
merely the minimal surface but also a conformal representation of this surface 
on the interior of a circle; and that in this formulation the Plateau problem 
includes the Riemann conformal mapping problem as the special case n=2, 
where n denotes the least number of dimensions of a euclidean space containing 
the given contour. Since in the preceding papers, the minimal surface together 
with its conformal representation is derived from a topological correspondence 
between the given contour and the unit circle, we have as an immediate 
corollary the following well known theorem of Osgood-Carathéodory (W. F. 
Osgood and E. H. Taylor, Transactions of this Society, vol. 14 (1913), pp. 
277-298; Carathéodory, Mathematische Annalen, vol. 73 (1913), pp. 305-320): 
A conformal correspondence between the interiors of any two Jordan curves 
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induces by continuity a one-one continuous correspondence between the 
Jordan curves. 


91. Professor Virgil Snyder and Dr. Marguerite Lehr: Gener- 
ating involutions of infinite discontinuous Cremona groups of S; 
which leave V3 invariant. 

This joint paper gives the equations and the characteristic properties of 
the transformations outlined in Professor Snyder’s Presidential Address, 
Article 4, in this Bulletin, vol. 35, pp. 612-615. 


92. Professor F. R. Sharpe: Involutions of order n with an 
(n—2)- fold line and their mapping. 

The involutions mentioned in the title have been discussed by Montesano 
(Lincei Rendiconti, (4), vol. 52, pp. 123-130), who showed that the planes 
through the lines are interchanged in pairs and that between each pair there 
is a quadratic Cremona correspondence. It is here shown that this corre- 
spondence can be expressed by two bilinear equations which determine the 
analytical form of the involution and by their aid the involution can be 
mapped on a variety in five-way space. 


93. Professor Harold Hotelling: Spaces of statisticai para- 
meters. 

For a space of m dimensions representing the parameters f1,---, pn of a 
frequency distribution, a statistically significant metric is defined by means of 
the variances and covariances of efficient estimates of these parameters. Such 
a space, for the ordinary types of distributions, is always curved. For the two 
parameters of the normal law the manifold may be represented in part as a 
surface of revolution of negative curvature, with a sharp circular edge. On this 
surface, variation of the dispersion is represented by moving along a generator. 
For a Pearson Type III curve of any given shape the same surface occurs. For 
the unrestricted Type III curve there are three parameters; their space is 
investigated. Certain metrical properties which hold in general for spaces of 
statistical parameters are given. 


94. Professor F. M. Weida: The valuation of a continuous 
survivorship annuity with a continuous refund of an arbitrarily 
assigned part of the purchase price. 

The present value _:, of the continuous refund is the present value of a 
continuously decreasing insurance beginning with an amount fS.,=Szy, 
(OSf<1, S.y=4,+4,—4,,+7.,), and decreasing continuously until there is 
insured an amount zero. This present value has been expressed as a definite 
integral whose lower limit is zero and whose upper limit is s’z,. When we are 
dealing with Makeham’s first modification of the law of Gompertz as our law 
of mortality, the problem stated above admits a solution which involves the 
gamma function, the incomplete gamma function, the hypergeometric 
series, and certain exponential and logarithmic functions. In order to obtain a 
result that is more practicable for use and more adaptable to numerical com- 


— 


192 ABSTRACTS OF PAPERS {Mar., 


putation, it has been found that the mortality table can be fitted sufficiently 
closely by using a best fitting parabola in the sense of the theory of least 
squares. The desired value of $.« is obtained by a process of iteration from the 
following formula: exp (—6S’uw)= [(1/f) 5’ ww [A 
+A353'ww+As]>. It has been found that for the purpose intended we may 
assume the De Moivre hypothesis for an interval of t; years, where t; = $’w., and 
we obtain a result readily adaptable to numerical computation. 


95. Professor J. B. Reynolds: Inextensible chains on fixed 
plane curves. 


In this paper equations are set up for the motion of an inextensible chain 
on a rough plane curve. By a proper choice of variables and constants, these 
equations are shown to apply to several cases in statics and kinetics usually 
treated separately. 


96. Professor E. G. Keller: Certain theorems of periodic orbits 
applied to synchronous machines. 


In this paper certain theorems pertaining to differential equations as em- 
ployed in the study of periodic orbits are applied to the differential equations 
of current flow in synchronous machines. For example, at short circuit, the 
differential equations, expressed in normal form, are [(c/2—a) +(c/2—b) cos 2t] 
(di/dt) —(r—2b sin 2t+c sin t cos t)i— (sin t+R cos t)J= — RI,[cos t][(c/2—a) 
+(c/2—b) cos 2t](dI/dt)+[2be sin 2¢ cos t—re cos t—c(a+b cos 22) sin t]i 
— [c sin t cos t+R(a+b cos 2t) |= — RIo(a+b cos 2t), where only i, J, and t are 
variables. A fundamental set of solutions 7; and i2 is obtained by reducing the 
equations to two simultaneous integral equations. The transformation 
j= /,I;, [=i2l,;+I2 leads to the second set of solutions of the left members. 
The periodic solutions are obtained by the method of variation of parameters. 


97. Professor B. F. Dostal: On some applications of number- 
theoretic functions to electrical engineering problems. 


In the general problem of superposing prescribed sets of current or voltage 
distributions upon a prescribed set of points of a conducting electric line or 
network, the distributions are determined by the hyperbolic functions of the 
complex hyperbolic angle subtended by the line, section, or element concerned. 
Under certain conditions these functions assume the values of a characteristic 
sequence or spectrum of special values; as, for example, real integers. A. E. 
Kennelly was the first to show the manner of their production in the natural or 
artificial electric line. The object of the present paper is to show that the 
sequences are representabie and replaceable by Lucas functions, as the differ- 
ence equations for both, x?=ax—b in symbolic form, are identical, and so also 
are their generating functions. The employment of Lucas functions in such 
superposition problems not only renders theoretical and numerical calculations 
more convenient, but opens the field for the introduction of other number- 
theoretic functions to aid in the solution of problems where non-integer dis- 
tributions occur. 
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98. Mr. R. L. Peek, Jr.: On the solution of certain cases of the 
general equation of diffusion. 


For diffusion in substances for which the conductivity and diffusivity are 
functions of temperature, the partial differential equation which determines 
the temperature is non-linear in character. For a certain class of boundary 
conditions the introduction of an auxiliary function of time and distance 
reduces this equation to an ordinary differential equation of the second order, 
in which the temperature and the auxiliary function appear as dependent and 
independent variables respectively. As this resulting equation can be solved 
by methods of approximation, the solution to the original equation can be thus 
obtained. The auxiliary function mentioned exists only for certain boundary 
conditions, and when it does exist, is not unique. It is shown that when this 
function exists the solution to the corresponding case in which the conductivity 
and diffusivity are constant (and the partial differential equation is therefore 
linear) is itself an auxiliary function of the type described. Thus, for the class 
of boundary conditions in question, the non-linear partial differential equation 
connecting temperature with time and distance can always be replaced by an 
ordinary differential equation relating the temperature to the temperature 
that would exist if the partial differential equation were linear. This method 
is shown to apply to the case of the semi-infinite solid. 


99. Professor D. J. Struik: The Dirac theory and sedenions. 


M. S. Vallarta and the author have indicated the connection of Dirac’s 
theory of the spinning electron and the hypercomplex number system of the 
sedenions or quadriquaternions (Journal of the Franklin Institute, April, 1929). 
A paper by J. A. Schouten (Amsterdam Proceedings, 1929) showed this more 
in detail. In the present paper it is shown how Eddington’s mathematical 
introduction into the Dirac theory (Proceedings of the Royal Society, 1928, 
1929) is simplified through the use of sedenions, and their relation to quater- 
nions and to the hypercomplex number system belonging to the “Vierergruppe™ 
is indicated. 


100. Professor Philip Franklin: Dynamical systems with 
integrals quadratic in the velocities. 


Motions of a particle in a plane under conservative forces, possessing an 
integral quadratic in the velocities distinct from the energy integral, were dis- 
cussed by Darboux. He showed that in general they were problems of 
Liouville’s class, when suitable confocal ellipses and parabolas were taken as 
parametric curves. In this note, the special cases are investigated, and the 
complete result obtained that in all cases the problem is of Liouville’s class 
when suitable parametric curves are introduced. These are either as found by 
Darboux, or are the limiting cases of confocal parabolas, polar coordinate 
lines, or cartesian coordinate lines. The relation of the result to a theorem of 
Birkhoff’s on conditional integrals is indicated. 


101. Professor Oystein Ore: Some investigations on finite 
fields. 
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This paper contains a series of theorems on finite fields, and applications 
to various problems concerning higher congruences. 


102. Mr. B. F. Groat: Newtonian similarity. 

Newton's inclusive Theorem of Similitude, Principia Ili, Proposition 
XXXII, Theorem X XVI, may be applied to construct working hydrodynamic 
models using “similarity” in its correct sense for space-, force-, and time- 


ratios. 


103. Mr. W. R. Thompson: The powers of a given ideal of a 
field which may divide exactly the discriminant of a relative field 
of mth degree. 


The present problem is an extension to relative fields of the problem whose 
solution was presented at the meeting of the Society in New York in October, 
1929. If k(@) is an algebraic field, p a rational prime greater than 1, P a prime 
ideal divisor of p of order e in k(@), and D; the discriminant of a relative field 
of mth degree, let E20 be a rational integer such that D, is exactly divisible 
by P*. Furthermore, let E” be the class of possibie values of E. Then Ore 
(Mathematische Annalen, vol. 97 (1927), p. 569) has given the maximum value 
of E, which we shall designate by Mim.p.9. The following is a solution of the 
problem of ascertaining what other values E may have for such a relative field. 
As will be apparent, this depends on m, p, and e only. For p>2 and @ any 
positive rational integer, if m=p* then £.. =0,---, Mon.p,., except all 
numbers of the form aep*—1—gp*, where g is a rational integer and 0<g<e; 
if m=p* + 1, then — =the union of (p—1) and by (but includes 
(p—1) unless a=1 and p>2); in every other case x m0, ---, Min,y.0- 
And for p=2 the result is formally the same as for p>2 except that the odd 


numbers less than 2e are never components of E, , . 


104. Professor C. G. Latimer: Certain identities in theta 
functions. 

In a former paper a class of identities in theta functions was obtained by 
employing sets of integral elements in generalized quaternion algebras. 
Jacobi’s fundamental identity was included in this class, the algebra in this 
case being that of ordinary quaternions. In this paper, Schroeter’s identity is 
obtained in a similar manner, and also several other identities which are 
believed to be new. Sets of algebraic numbers and of generalized quaternions, 
which are not in general integral, are employed. 


105. Professor C. R. Adams: On multiple factorial series. 

In this paper an investigation is made of the essential convergence proper- 
ties of multiple factorial series. For simplicity of statement we confine our- 
selves to the double series 
in which the ¢,, are constants and x and y are complex variables. Employ- 
ing the Pringsheim definition of convergence, we prove theorems analogous to 


1930.] ABSTRACTS OF PAPERS 195 


Theorems I-V, VII of Landau’s fundamental paper on the theory of simple 
factorial series (Miinchener Sitzungsberichte, 1906, pp. 151-218). For this 
purpose it is necessary to introduce the assumption that 4, 
is a bounded function of 7 and j for particular values of x and y for which (1) 
converges. It is shown, for example, that the region of convergence with Sj; 
bounded of (1) isa pair of related right half-planes. The proof of these theorems 
follows the general lines of Landau’s work making essential use of results 
obtained by C. N. Moore in his recent important paper on convergence 
factors in multiple series (Transactions of this Society, 1927, pp. 227-238). 
Additional theorems are derived by generalization of a portion of Nérlund’s 
work on simple factorial series (Acta Mathematica, 1914, pp. 327-387). 


106. Professor Marston Morse: A theory of periodic extremals. 


The problem is defined on an n-dimensional manifold. The integrand is 
positive, regular, and homogeneous, in the usual way. With each closed 
extremal the author associates an invariant integer, called the type number. 
This integer characterizes the essential relations of the closed extremal to 
neighboring closed curves. In the two-dimensional case it is related to the 
Poincaré rotation number. It is the number of conjugate points to a given 
point on one circuit of the extremal plus an integer called the order of concavity 
of the extremal. The theory of closed extremals in the large is developed with 
the aid of certain new processes in differential topology. A particular applica- 
tion is the proof of the existence of at least 3n(m—1) closed geodesics on any 
regular manifold homeomorphic with an (n—1)-spbere. The latter result 
affords a general setting for certain results in the two-dimensional case obtained 
by Poincaré, Birkhoff, and certain pupils of Hadamard. 


107. Professor F. R. Bamforth: Surface transformations. 


In the first part of this paper are discussed surface transformations of 
period two in the neighborhood of an invariant point, and it is shown that the 
equations representing such a transformation, after a proper choice of coordi- 
nate system has Deen made, have one of the forms (i) #1 =u, 2; =2, (ii) u1= —u, 
v;=—2, or (iii) 7: =—v. In the second part of the paper are studied 
surface transformations, each of which is the product of two transformations 
of the type (iii) above. This discussion is made relative to a neighborhood of a 
point which is invariant under each of the component transformations, and 
treats such topics as stability, and the existence of formal and actual invariant 
curves through the invariant point, formal invariant series, and formal in- 
variant integrals. 


108. Professor D. V. Widder: Singular points of functions 
which satisfy the partial differential equation of the linear flow 
of heat. 

In 1903 M. Bocher proved that a single-valued harmonic function of two 
variables x, y with an isolated singularity at a point (a, b), but bounded on one 
side at least, must have the form A log [(x—a)?+(y—b)?]+H(x, y), where A 
is constant and H(x, y) is harmonic in a neighborhood of (a, 5). It has long 
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been recognized that the source solution y> b, plays 
a réle in the theory of the equation d°u/dx*— du/dy =0 analogous to that of the 
function log [(x—a)?+(y—6)*] in the theory of harmonic functions. It is the 
purpose of the present note to extend the analogy further by obtaining an 
analog of Bécher’s theorem. 


109. Professor W. J. Trjitzinsky: On indefinitely differen- 
tiable and quast-analytic functions. 


This paper is, to an extent, based on certain results of Poincaré, Borel, de la 
Vallée Poussin, Carleman, and some others. The series of the form }-xnf(anx), 
where f(x) and all its derivatives are bounded as a set for all real values of x, 
are studied in general as well as from the point of view of their application to 
indefinitely differentiable functions. In particular, necessary and sufficient 
conditions are given (relating to the law of decrease of the x,) in order that 
>ox.f(nx) should represent a quasi-analytic function. Furthermore, several 
extensions are given of representations of quasi-analytic functions in terms of 
the initial values at a point. Finally, Borel’s monogenic functions (quasi- 
analytic in the plane) are shown to be representable by certain double series, 
uniformly convergent over certain perfect subsets of their domains of definition. 


110. Professor I. M. Sheffer: Differentiation and integration 
of matrices, and functional equations in matrices. 

There are a number of definitions of the derivative of a matrix. The one 
here offered is made to depend on the canonical decomposition of a matrix: 
P=¢"P*¢, where P* is a diagonal matrix whose elements are the zeros of the 
characteristic equation for P. We regard P as varying only in its characteristic 
values, and define Q as a “proper function” if it has the form Q=¢"Q*¢, the 
elements of Q being functions of those of P in a certain sense. The derivative 
dQ/dP is then defined as the limit of a difference quotient. This definition 
permits of an inverse operation, matrix integration. Further, various matrix- 
functional equations can be handled, among them a class of integral equations 
in matrices. 

111. Dr. Hillel Poritsky: On certain approximations to analy- 
tic functions of several variables. 

Let R be a given region bounded by a surface S, f an analytic function. 
In this paper are considered approximations to f over R by means of the 
solution of \72"*2p,=0 which satisfies the boundary conditions p,=f, 
V7, +, = on S,n=0, 1,---. These approximations, or 
rather their equivalent expansions, are related to certain other boundary value 
expansions previously considered (Cauchy-Green expansions, abstract in this 
Bulletin, March-April, 1929) in the same way that the expression of a harmonic 
function in terms of its boundary values by means of Green’s function is related 
to its expression by means of Green’s “double layer” integral. The nature of 
the convergence of the two expansions is different, however. For the latter 
expansions a sufficient condition was shown to be that f be analytic in a suf- 
ficiently large region enclosing R. A sufficient condition for the convergence of 
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p» to f(z), it is shown, is that the Taylor series of f be dominated by the Taylor 
series of an exponential Ce4, A a2 +a?+az where p is 
the smallest value of \ for which there exists a non-trivial solution of 
V2u+nru=0 in R, u=00n S. In the above inequality the constant p may not 
be replaced by any larger value. 


112. Dr. Hillel Poritsky: A note on an isoperimetric inequal- 
tty. 

It is shown by means of Schwartz’s inequality that the area of the sector 
swept out by the radius of a circular arc of length / is less than the area swept 
out by the radius of curvature of any other (convex) curve segment of length /, 
with tangent (normal) that turns through an angle equal to the angular 
opening of the sector, as the point of contact describes the segment. 


113. Professor Georges Calugaréano: On differential equations 
admitting polygenic integrals. 

In an earlier paper (Transactions of this Society, vol. 31) the author showed 
that some differential equations admit more general integrals than those given 
by Cauchy’s theorem; such differential equations, designated as of class (a), 
admit polygenic integrals, in addition to the analytic integrals given by 
Cauchy’s theorem. In the present paper, he furnishes a characterization of 
this class (a). 


114. Dr. J. A. Shohat: On Tchebycheff polynomials of best 
approximation. 


Let ¥(x) be monotonic non-decreasing in a finite interval (a, 6). If the 
number of its points of increase is everywhere dense in (a, b), then P,,(x), the 
polynomial of degree <n minimizing J, =f, | f(x) — P,,(x) \™dy(x), approaches, 
as m—»«, the polynomial z,(x) of best approximation to f(x) on (a, 6), and 
I,3/™ approaches, as m—~, the best approximation E,(f). The same holds 
true if ¥(x) has only a finite number u(=n-+2) of points of increase {x;} in 
(a, b), with the understanding that +,(x) represents now the polynomial of best 
approximation (=E,(f)) to f(x) over the set of points {x;}. This enables us 
to obtain very simple explicit expressions for x,(x) and E,(f) for the latter case, 
which, as we know, is of fundamental importance for the general case. 


115. Dr. J. A. Shohat: On certain inequalities for Stieltjes in- 
tegrals. 


The author extends to Stieltjes integrals a determinant-transformation 
given by E. Fischer for ordinary definite integrals (Archiv fiir Mathematik 
und Physik, vol. 13 (1908), pp. 32-49) and shows that the Tchebycheff and 
Schwartz (and many similar) inequalities follow from this transformation by 
specifying the number and the nature of the functions involved. Also a re- 
mainder for the Tchebycheff inequality is given. The results are applied to 
finite sums written in the form of Stieltjes integrals. An abstract of a part of 
the above results appeared in the Paris Comptes Rendus (vol. 189 (1929), 
pp. 618-620). 
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116. Miss Helen M. Schlauch: Mixed systems of linear equa- 


tions and inequalities. 

In papers entitled Systems of linear inequalities, L. L. Dines has found a 
necessary and sufficient condition for the existence of solutions in systems of 
linear inequalities, and W. B. Carver has found a different kind of necessary 
and sufficient condition for the non-existence of such solutions. These theorems 
naturally suggest a consideration of systems containing both linear equations 
and linear inequalities. The present paper gives certain necessary and suf- 
ficient conditions both for the non-existence and for the existence of solu- 
tions of such systems. 


117. Dr. John Williamson: A special prepared system for 
two quadratics in n variables. 


From a geometric point of view it is desirable that a complete system for 
two quadratics in m variables should preserve intact the compound coordinates 
that necessarily appear. Complete systems have been determined in which 
these compound coordinates are decomposed into their component point or 
plane variables. While not finding a complete system, this paper determines a 
prepared system, in terms of which every concomitant of the two quadratics, 
if multiplied by a suitable invariant factor, may be expressed. If the n 
quadratic covariants of the two original quadratics are denoted symbolically 
by i2, 7=1, 2, 3,---, m, this prepared system consists of 2"—1 factors of the 
types (ijp2), (ijkps), , (123 - - -n—1, m), where the symbols 7, j, k, etc., 
occurring in any one factor, are distinct and p2, p3, etc., denote compound 
coordinates. To obtain a prepared system, in terms of which every con- 
comitant, not multiplied by an invariant factor, may be expressed, other more 
complicated factor types must be added to this system. The number of such 
new factor types for the cases n =4, 5, and 6 is 1, 8, and 52 respectively. 


118. Professor L. T. Moore: A note on the multiple factors of 
a binary form. 


In this paper the author makes an attempt to find transvectants of a 
binary form which are perfect powers of the multiple factors of the form. 


119. Dr. A. A. Albert: New results in the theory of normal 
division algebras. 

‘The author shows that in every normal division algebra A in sixteen units 
over R, the field of all rational numbers, there are eight integer parameters 
p, o, Yi,°**, Ye, Where neither p, o, nor po is a rational square. Algebra A 
is associative if and only if (y2—yéop) v2p)(v2— and is a divi- 
sion algebra if and only if the ternary quadratic form — (v2? — y2p)A3’, 
in the integer variables A, Az, Az, is not a null form. As all ternary quadratic 
null forms are known, this amounts to a construction of all normal division 
algebras of order sixteen over R in terms of the solutions of a single diophantine 
equation which satisfy a single quadratic residue condition. Necessary and 
sufficient algebraic conditions that A be a cyclic algebra are given, and it is 
shown that all of the algebras constructed by Cecioni are cyclic. An algebra 
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A is shown to be non-cyclic if and only if two quartic forms with coefficients 
polynomials in p, o, 71,°°*, Ye are non-null forms. 


120. Dr. A. A. Albert: The non-existence of pure Riemann 
matrices with normal multiplication algebras of order sixteen. 


The most interesting question in the theory of Riemann matrices is that 
of the existence of pure Riemann matrices with non-commutative multi- 
plication algebras. In a recent paper the author found necessary and sufficient 
conditions on a normal division algebra that it be a multiplication algebra 
of a pure Riemann matrix and gave examples of matrices whose algebras 
are generalized quaternion algebras and of matrices whose algebras are 
generalized quaternion algebras over a quadratic field. In the present 
paper it is shown that there exist no pure Riemann matrices whose multi- 
plication algebras are normal division algebras over the field of all rational 
numbers. 


121. Dr. A. A. Albert: Integral bases of all normal quartic 
fields. 


All normal quartic fields, that is, fields generated by a root of a quartic 
with cyclic group or “Vierergruppe” are considered. By using elementary 
methods the author obtains explicit formulas, in terms of the coefficients 
of the quartic equations giving the fields, for a set of bases of the integers of 
all normal quartic fields. These formulas are comparable to the known 
formulas for quadratic fields and involve only elementary number-theoretic 
functions. 


122. Dr. A. A. Albert: A determination of the integers of all 
cubic fields. 

The integers of every cubic field generated by a root of an equation 
x?+6=0 are known (see J. Sommer, Vorlesungen iiber Zahlentheorie). They 
have been determined by the use of certain congruences. Using these same 
congruences, the author obtains explicit formulas for the integers (that is, 
for an integral basis) of any cubic field. The reduced form x*+ax+6=0 of 
the general cubic is used, and a set of bases involving factors of the discrimi- 
nant —4a*— 276 and a and b is obtained. 


123. Professor W. L. G. Williams: Note on the summation 
of homogeneous functions of n variables over all potnts of a modu- 
lar n-space. 

We take p any prime number and » any positive integer; by “point” in a 
modular n-space we mean any n-tuple (x1, x2,---, x.) in which the x’s are 
integers, reduced mod 4, and the last x(if any) which is not zero is 1. The 
fundamental theorem of the present paper is as follows: For all non-negative 
integral values of ++, tn, - ++ x,'s, summed over all the points 
of the modular n-space, is, for every choice of the i’s, congruent, mod p, 
to (—1)"*! or zero: to (—1)"*! if 0<i;=0, mod (p—1), for every value of 7 
from 1 to n, and to zero in all other cases. 


 _.. 
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124. Professor H. B. Curry: The foundations of combinatory 
logic. 

The knowledge presupposed in a logical theory ordinarily includes certain 
categories, of which proposition, propositional function, etc., are examples, 
and also certain more or less complicated modes of combination which are 
indicated by the use of variables. The criteria by which we conclude that 
an entity constructed by combining other entities belongs to this or that 
category are ordinarily not among the formal developments of the theory, 
but are the subject of intuitive reasoning. There is thus a presupposed 
theory of considerable complexity, so much the greater because it is essentially 
from this pre-logic that the paradoxes arise. The author proposes to subject 
this pre-logic to mathematical treatment; the resulting theory he calls com- 
binatory logic. In the present paper a part of this program is completed, namely, 
the analysis of the modes of combination considered as formal processes. 
A set of primitive ideas, rules, and postulates is given, from which, it is shown, 
all the properties of the combinations, which follow from the usual representa- 
tion, can be abstractly deduced. The essential primitive ideas have already 
been given by Schénfinkel, but he has to consider them intuitively, rather 
than, as here, abstractly. It is also shown that the present system is con- 
sistent with the ordinary one. 


125. Professor H. B. Curry: The universal quantifier in com- 
binatory logic. 

This paper is a continuation of the author’s program in combinatory 
logic. The knowledge here subjected to analysis is the following principle: 
if a formula is true for all values of the variables contained in it, and we sub- 
stitute in it a second formula which may contain some new variables, then the 
new formula is true for all values of all the variables. It is shown how, if certain 
axioms of much simpler form be added to the list given in the preceding paper, 
the equivalent of this property can be proved in any case by a formal argu- 
ment, which, incidentally, does not involve any use of variables. A by-product 


is the proof that (essentially) if the formula (x1, x2, , Xm)-f(x1, X2, Xm) 
g(x1,°**, Xm) be assumed as axiom for m=1, then any particular case for 


any value of m can be deduced abstractly. 


126. Professor Orrin Frink, Jr.: The fourth postulates of Riesz 
and Hausdorff. 

The author shows by an example that not every space which satisfies 
the four postulates of Riesz for points of accumulation, and in which every 
derived set is closed, is a Hausdorff space. A paper on the same subject was 
read by R. G. Putnam at the meeting of the Society in New York in March, 
1929 (see this Bulletin, vol. 35, p. 442). 


127. Professor H. M. Gehman: A special type of upper semi- 
continuous collection. 


The main result of this paper is that the topology of a plane S in which a 
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given bounded continuum K is considered as an element of an upper semi- 
continuous collection of continua, the other elements of which are the points 
of S—K, is the same as that of a surface consisting of a plane and a contracting 
sequence of spheres, each of which is tangent to the plane at the same point 
of the plane. By means of this result a number of theorems concerning ac- 
cessibility may be proved as corollaries of previously known theorems. 


128. Dr. J. H. Roberts (National Research Fellow): A char- 
acterization of the anchor ring by internal properties. 

Leo Zippin has shown that a bounded continuous curve in n-space without 
a cut point which satisfies the Janiszewski-Mullikin theorem is topologically 
equivalent to a sphere. In the present paper it is shown that the following 
two conditions are necessary and sufficient that a closed point set be an anchor 
ring: (1) the set M contains two mutually exclusive simple closed curves, 
J, and J2, such that M—J;(i=1, 2) satisfies the Janiszewski-Mullikin theorem, 
and (2) every subset of M which lies on any arc whatsoever lies on an arc 
which is a subset of M, and (3) if J is any simple closed curve of M such that 
M-—J is connected, then M—J has the Jordan curve property. 


129. Dr. J. H. Roberts (National Research Fellow): A note 
on a theorem of Mazurkiewicz and Straszewicz. 

Mazurkiewicz and Straszewicz have proved (Fundamenta Mathematicae, 
vol. 9) that if H and K are two closed sets neither separating 3-space and such 
that neither H nor K is interlaceable but H-K is, then H+K separates 
3-space. The following stronger theorem, for which their proof suffices, 
seems to be of sufficient importance to deserve mention: If H and K are 
continua such that H- K is interlaceable, and every simple closed curve inter- 
laced with H-K contains at least one point of both H and K, then H+K 
separates 3-space. 


130. Dr. N. E. Rutt (National Research Fellow): Prime 
ends and tndecomposable continua. 

This paper is devoted to an investigation of relations between the two 
following types of plane bounded continua: (1) those which are the boundary 
of some domain at least one prime end of which contains its entire boundary, 
(2) those which are indecomposable. The chief conclusions of the paper are 
contained in the two following theorems. Theorem I: If the bounded plane 
continuum A, boundary of the plane domain 64, is indecomposable, there exists 
a prime end of 6 containing A. Theorem II: If the boundary of the plane 
domain 6 is a bounded continuum A, and there exists a prime end of 6 con- 
taining A, then A is either indecomposable or the sum of two indecomposable 
continua. 


131. Professor W. A. Wilson: A property of unbounded con- 
tinua, with applications. 

It is shown that, if | X;} is a sequence of continua lying in a metric space 
satisfying the Bolzano-Weierstrass condition and either each continuum is 
unbounded or the diameters increase indefinitely with 7, then the upper 
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closed limit, if not void, is an unbounded continuum or a closed set each 
component of which is an unbounded continuum. This theorem is used first 
to derive various theorems regarding unbounded irreducible continua, in 
particular a sufficient condition for a continuum containing two points to 
contain a continuum irreducible between these points. With the aid of these 
the author’s theorem on regular plane frontiers (this Bulletin, vol. 34, p. 86) 
is extended to unbounded frontier sets. 


132. Professor R. G. Putnam: Note on equivalence of certain 
properties of abstract sets. 

In a paper Sur l’équivalence de trois propriétés (Fundamenta Mathe- 
maticae, vol. 2), Sierpinski proves the equivalence, in classes (L), of three prop- 
erties and also the equivalence of two others. In this note it is shown that 
these properties are equivalent in certain classes (V) and theorems concerning 
classes (V) are obtained from this result. 


133. Professor O. D. Kellogg: An unsolved problem in po- 
tential theory. 

As is now well known, the Dirichlet problem cannot be solved for every 
region and every continuous boundary function. A generalized function of 
Green may be set up for an arbitrary region by the method of Harnack 
Grundlagen der Theorie des logarithmischen Potentiales, Leipzig, 1887, pp. 
116-121), and the points of the boundary at which this function approaches 0 
are called regular boundary points. All others are exceptional. The author 
gives a method, which includes as special cases a number of classical methods, 
for attaching to any region and any continuous boundary values, a function 
which is harmonic and bounded in the region, and which approaches the bound- 
ary values at every regular boundary point. The unsolved problem of unique- 
ness is this: Does there exist a second such function? This problem has been 
answered in the negative for logarithmic potentials (Comptes Rendus, vol. 
187 (1928), p. 526), but the method used is not available in space of three or 
more dimensions. It is highly desirable that definite results be obtained in 
the latter case, not only as a completion of a theory, but because of the large 
number of theorems which would follow (see, for instance, Vasilesco, in an 
article soon to appear in the Journal des Sciences Mathématiques, also 
Bouligand, Annales de la Société Polonaise de Mathématique, 1926). The 
author sketches a number of methods of approach to the problem, and de- 
velopes several related theorems. In addition to the citations above, the 
following references will be found to bear on the subject: Acta Universitatis, 
Szeged, vol. 4 (1928), pp. 1-5; American Journal, vol. 51 (1929), pp. 515-526; 
Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 322 ff., pp. 335-337. 


134. Professor E. P. Lane: Integral surfaces of pairs of partial 
differential equations of the third order. 

In a linear space of m dimensions a point has n+1 projective homogeneous 
coordinates x,---, x), If these coordinates x are functions of two 
independent variables u, v, the locus of the point x, as u, v vary, is a surface. 
If the coordinates x satisfy a linear homogeneous partial differential equation 
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of the third order in the single dependent variable x and the two independent 
variables u, v, the surface is said to be an integral surface of the equation. 
This paper studies integral surfaces of a pair of such equations. A study of a 
certain system of covariantly defined triples of one-parameter families of 
curves on an integral surface, and, more particularly, a consideration of the 
so-called singular triples, make it possible to reduce the system of equations 
to one or the other of six canonical forms. Each canonical form is characterized 
by a projective geometric description of its integral surfaces. The integrability 
conditions are discussed, and some geometric results are obtained. 


135. Professor A. D. Michal: The analog of the projective con- 
nection in function space. 


In an earlier paper the author obtained the function space analog of 
Weyl’s projective curvature tensor. The present paper continues the study of 
projective functional] invariants. In particular, the function space projective 
connection is introduced and its law of transformation is studied. 


136. Professor C. N. Moore: On the nature of the composite 
numbers tn an arithmetic progression. 


One of the classical results of the theory of numbers is Dirichlet’s well 
known theorem that an arithmetic progression in which the first term: and the 
common difference are relatively prime contains an infinite number of primes. 
It is natural to put the question as to whether or not anything definite may be 
said regarding the nature of the composite numbers in such a progression. In 
the present paper this question is answered in the affirmative by showing that 
the progression contains an infinite number of numbers which are the products 
of two primes, an infinite number which are the products of three primes, and 
soon. The proof is based on certain properties of multiple Dirichlet’s series. 


137. Dr. Marie J. Weiss (National Research Fellow): On 
groups defined by A‘*=1, B*AB=A?, 

The purpose of this note is to investigate some of the properties of 
the solvable, non-abelian groups generated by A?=1, B*AB=A7, BQO=As, 
where B@ is the least power of B found in the group {A}. A normalization 
of the generators and some necessary conditions for the simple isomorphism 
of two such groups are given. 


138. Professor W. L. Ayres: On subsets of locally connected 
continua as Borel sets. 


It is shown that if e>0 and H is the set of all points p of a locally con- 
nected continuum M such that M—p has at least two components of diame- 
ter =e, then H is a closed point set. As a corollary we have a new proof that 
the set of all cut points of M isan F,. The author proves that the set of end 
points of M is an Fs, but not necessarily an F,, and that the set of all points 
of M that belong to some simple closed curve of M is a Ga, but not necessarily 
a Gs. This answers two questions of G. T. Whyburn (Mathematische Annalen, 
vol. 102, p. 319). 
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139. Dr. W. T. Reid (National Research Fellow) : Generalized 
Green's matrices for compatible systems of differential equations. 

In this paper it is shown that generalized Green’s matrices exist for a 
general compatible system consisting of m ordinary linear differential equations 
of the first order: yj, (i=1, 2,-+-, m), where the functions 
Ag;(x), (¢, 7=1, 2,-+-, m), are Lebesgue summable, and linearly inde- 
pendent boundary conditions involving the values of the functions ¥;(x), 
(i=1, 2,--+-,m), at two points. For a treatment of the analogous problem 
for a single differential equation of the mth order, see W. W. Elliott, American 
Journal of Mathematics, vol. 50 (1928), p. 243. 


140. Professor G. A. Miller: Inverse correspondences in auto- 
morphisms of abelian groups. 

This paper considers automorphisms of abelian groups and proves the 
following theorems: A necessary and sufficient condition that the operators 
of a given subgroup of an abelian group may correspond to their inverses in 
an automorphism of this group in which no other operator corresponds to its 
inverse is that this subgroup involves all the characteristic operators of the 
group. In particular, if an abelian group contains no characteristic operator 
besides the identity then it is possible to establish an automorphism of this 
group in which the operators of an arbitrary subgroup correspond to their 
inverses while no other operator of the group has this property. A necessary 
and sufficient condition that an automorphism of the cyclic group of order 
pb”, p being an odd prime number, is of order 2% is that p”~* of its operators 
correspond to their inverses under this automorphism. 


141. Dr. E. Kathryn Wyant: The ideals in the algebra of 
generalized quaternions over the field of rational numbers. 


In this paper the author considers the algebra which is composed of the set 
of elements £=xo+x1i+x2j-+x3k, where Xo, x1, X2, and x; are rational numbers, 
where 7? = —a, j?= —b, and ij = —ji=k, and where a and b are odd and prime 
to each other. A system of integers in this algebra has been found, its dis- 
criminant has been computed, and in it the resolution of rational primes into 
two-sided prime ideals has been determined. Basal units of the integers and 
ideals have been found. 

142. Professor J. S. Turner: Some identities connected with 
Fermat's last theorem. 

In this paper, the equation a"+b"=c", (a, b, c, n positive integers, n >2), 
is transformed by various trigonometrical formulas. Attempts are made to 
find the highest powers of 2 and n contained in the non-zero members of the 
resulting equations. In this way many interesting identities are discovered. 


143. Professor T. A. Pierce: Matrices whose characteristic 
equations are cyclic. 

If the characteristic equation of a matrix is cyclic this equation will have 
its full complement of matric roots. An isomorphism exists between the alge- 
braic and matric roots. Several consequences of this isomorphism are given. 
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144. Dr. J. J. L. Hinrichsen: On the problem of n bodies. 


In the Chicago Colloquium Lectures of 1920, Birkhoff established certain 
results concerning motions in the problem of three bodies. He showed if the 
sum of the kinetic and potential energies is positive or zero and the constant 
of total angular momentum is not zero, at least two if not all three of the mutual 
distances increase indefinitely as the time increases or decreases, and that the 
same result is true in case the total energy is negative if the motion is such that 
for some instant all three bodies approach sufficiently near together. In con- 
clusion he stated that the argument used admits of certain generalizations. 
In the present paper such a generalization is considered. The corresponding 
results are established, under the assumption that none of the bodies ever 
collide, not only for a system of m bodies attracting one another according 
to the Newtonian inverse square law but also for the case of m bodies attracting 
one another with a force inversely proportional to the (d+1)st power of the 
mutual distances where 0<d<2, and which reduces to the Newtonian case 
for d=1. 


145. Mr. E. W. Anderson: Limits of approximate solutions of 
the torsion problem. 


Ritz’s method of approximation for a “boundary value problem,” such 
as \/7y=0, and y=yo(x, y) on the boundary, gives no indication as to what 
degree of approximation the method provides, except to provide an upper 
limit. Trefftz’s method gives a lower limit, so that both methods give upper 
and lower bounds. In this paper an accurate solution is given for the torsion 
of a prism bounded by arcs of confocal parabolas. Approximate solutions 
sufficiently accurate for technical practice, and rather readily obtained, are 
given as border solutions of the true result. 


146. Professor H. P. Evans: A two-dimensional boundary- 
value problem for the transmission of alternating currents through 
a semi-infinite heterogeneous conducting medium. 


We consider an infinitely long conductor parallel to the surface of a semi- 
infinite conducting medium. This medium is supposed to consist of an upper 
stratum of uniform conductivity o: and having everywhere else a uniform 
conductivity o2. The conductor is supposed to carry an alternating current 
for which the medium forms the return path. The problem is that of determin- 
ing the field vectors throughout space, subject to the condition that the fre- 
quency is sufficiently low so that displacement currents may be neglected. 
This problem has been partially solved by Haberland (Zeitschrift fiir Ange- 
wandte Mathematik und Mechanik, vol. 6 (1926)), who used approximate 
boundary conditions which are reasonable in case the stratum is sufficiently 
thin. The present treatment utilizes exact boundary conditions and permits 
any thickness for the stratum. The boundary conditions are formulated for 
a function which satisfies the wave equation and may be expressed in terms 
of an infinite integral from which the field vectors are derivable. This integral 
is expanded into a convergent series of simpler integrals which are given 
physical interpretation. 
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147. Professor H. A. Meyer: On certain inequalities with 
applications in actuarial theory. 

Inequalities bearing a marked relation to the first and second theorems of 
mean value, giving in many cases rather close bounds to the integrals or 
finite sums considered, have been derived by Tchebycheff, Hélder, Jensen, 
Meidell and Steffensen. These inequalities, when applied to certain problems 
in life contingencies, provide a means of determining upper and lower limits 
of otherwise complicated and unmanageable expressions. These inequalities 
were studied with the object of generalization and removal of restrictions 
on the functions involved, together with the extensions of their actuarial 
applications. The principal results obtained are as follows: Steffensen’s 
inequality is extended and from it Meidell’s inequality is derived as well as 
another inequality similar to that of Meidell. Tchebycheff’s inequality is also 
generalized somewhat. The extent of the actuarial application of these in- 
equalities was rather gratifying. 


148. Professor Henry Schultz: The standard error of a forecast 
from a curve. 

Gauss’ formula for the standard error (s.e.) of any function of a number 
of independent quantities whose s.e.’s are known may be used to obtain the 
s.e. of a curve in terms of the s.e.’s of its parameters. The resulting expression 
is a function of the independent variables, which are assumed to be free 
from errors of observation. If in this equation we assign to the independent 
variables values lying beyond the range of the observations, we obtain the 
s.e. of any extrapolation, or forecast, from the curve. The s.e.’s of the straight 
line, parabola, cubic, etc., and of all planes, all increase indefinitely as we 
increase the range of the extrapolations. The s.e. of the population logistic 
y =b/(e-**+c) increases as the curve is extrapolated toward its upper asymp- 
tote, and approaches a constant value as x». It decreases as the curve is 
extrapolated toward its lower asymptote and approaches 0 as x>— ©. When 
the logistic is fitted to the population of the United States, it points to a maxi- 
mum population, which will be practically attained by 2100, of 196 millions. 
By accepted methods, the s.e. of this figure is only +0.8 millions. By the 
method of this paper, it is + 10.5 millions. 


149. Professor H. L. Rietz: On certain properties of frequency 
distributions whose variates are obtained by linear fractional trans- 
formation of the variates of a given distribution. 

In a former paper (Proceedings of the National Academy of Sciences, vol. 
13 (1927), pp. 817-820), the author gave some properties of frequency dis- 
tributions of powers and roots of the variates of a given distribution. The 
present paper considers certain properties of the distribution of variates ob- 
tained by applying a linear fractional transformation to each variate of a 
given positive unimodal frequency distribution with a range of variates from 


—ito +1. 


150. Professor P. R. Rider: On the probability associated with 
a given range. 
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If m is the mean and o the standard deviation of a normally distributed 
variate x, then, as is well known, the probability that a value of x selected at 
random will lie within the range m +3 is 0.997. If and s are the mean and 
the standard deviation respectively of a sample, the expected or average 
probability associated with the range Z+3s will be different from the proba- 
bility associated with the range m+3¢. Shewhart (Journal of Forestry, 
vol. 26 (1928), pp. 601-7) obtained experimentally for the average probability 
for samples of four, associated with the range +3s, the values 0.90 for a 
normal universe, 0.91 for a rectangular universe, and 0.91 for a triangular 
universe. This paper considers the question theoretically and derives the 
value 0.92 for this average probability in the case of samples of four from a 
discrete rectangular universe. The frequency distribution of probabilities 
associated with the range x + 3s also is given. 


151. Professor Harold Hotelling: The consistency and ultimate 
distribution of optimum statistics. 


For estimating the unknown parameters of a frequency distribution 
various quantities are used, for example, means, medians, correlation coeffi- 
cients, known generically as statistics. An optimum statistic is defined as the 
value of a parameter which makes the probability of the observed data a maxi- 
mum. In this paper it is proved that, unlike some other statistics in common 
use, an optimum statistic has in large samples, under certain conditions involv- 
ing first derivatives, the following properties: It approaches the true value of 
the parameter. Its distribution in samples of m tends to the normal form as 
increases. The variance, multiplied by , tends to the reciprocal of the mean 
value of the square of the simultaneous optimum estimates of two or more 
parameters; the matrix of variances and covariances is n™ times the inverse 
of the matrix of the mean values of the products of the first derivatives. 


152. Professor G. R. Davies: An analysis of frequency dis- 
tributions. 


This paper was presented by invitation of the Program Committee of 
Section K of the American Association for the Advancement of Science. 


153. Professor G. E. Raynor: On the Dirichlet-Neumann prob- 
lem. 

The paper deals briefly with the problem of finding a function harmonic 
in a region R with given boundary values and given values of its normal 
derivatives on the boundary. A uniqueness theorem is proved and an existence 
theorem for certain conditions on the boundary values and the boundary is 
given. 


154. Dr. H. S. Wall: On the Padé approximants associated 
with a positive definite power series. (Second Communication.) 
Denote by (1) So, Si, S2,- ++ the principal diagonal file and the successive 


parallel files to the right of it respectively, in the Padé table for P(z), a positive 
definite power series. In a preliminary report (this Bulletin, vol. 35 (1929), 
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p. 451), the author discussed the convergence of (2) So, S2, Ss,--- and 
like files below the principal diagonal. Concerning (3) Si, Sz, Ss, - - +, and like 
files below the principal diagonal, it is shown that when P(z) is indeterminate 
either all converge or else all diverge. A necessary and sufficient condition 
for convergence is found. The limits of successive files (1) are distinct except 
that sets S2x_1, Sez, Sez,1 of not more than three files may have equal limits. 
When P(z) is determinate and just the first k+1 files (2) are equal to f(z), 
those of the first & files (3) equal f(z), while subsequent files are of the same 
character as when P(z) is indeterminate. On the question of “extending” 
P(z) to the left, results are found which are somewhat analogous to the author’s 
results for a Stieltjes series. 


155. Professor D. L. Holl: Some properties of 7*~=0, when 
expressed in curvilinear coordinates. 


When the complex transformation W=f(z) is applied to V/4y=0, the 
form of the equation is not preserved, and the form of the function y in the 
new region cannot be inferred from its form in the original region. In this 
paper. those transformations are determined which preserve the form of \/*y, 
also those which yield \/*(hy), where h= | f’(z) |. Other special cases are dis- 
cussed and applications cited. 


156. Mr. H. C. Carter: Relation of Maschke’s symbolic 
method to the tensor theory. 


In Maschke’s symbolic method for the study of invariants of quadratic 
differential forms, such a form G is expressed symbolically as G=)_ gi;dx‘dxi = 
(> fidx*)? = etc. Thus the coefficients g;; are represented symboli- 
cally as products fif; or ¢i¢;, etc. In developing the theory it is known that 
symbolic invariants occur: that is, expressions which are formally invariant 
but which contain symbols f;, ¢;, etc., each occurring just once as a factor of 
each term and which therefore cannot be interpreted in terms of the g;;’s as in- 
dicated above. In certain cases a vector interpretation of these symbolic in- 
variants is possible but the more general invariants of this type cannot be 
interpreted in this way. In the present paper Maschke’s method is generalized 
and it is shown how the coefficients in the general symbolic invariants may be 
interpreted as tensors or as quantities related to tensors. This method is used 
to build up complicated tensors from more simple tensors. Other applications 
are also given. 


157. Professor A. D. Michal: The differential geometry of a 
continuous infinitude of contravariant functional vectors. 


In this paper the author develops the theory of a continuous infinitude of 
contravariant functional vectors. The theory is then applied to the infinitely 
many-dimensional group manifold of infinite groups of functional transforma- 
tions with arbitrary functions. ; 


158. Protessors A. D. Michal and C. T. Bumer: On dynamical 
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systems with n degrees of freedom subject to hysterests effects of the 
Fredholm type. 


If hysteresis effects of the Fredholm type are introduced in the classical 
theory of dynamical systems with m degrees of freedom, the equations of 
motion become integro-differential equations. In this paper the authors 
study the properties of such curious dynamical systems and obtain functional 
invariants of their equations of motion. 


159. Professor A. D. Michal: On some remarkable theorems on 
geodesic coordinates of order r in n-dimensional differential 
geometries. 


The author studies in this paper a class of geodesic coordinates y* for which 
the first r—1 generalized affine connections I‘gg... y vanish at the origin 
when evaluated in the preferred system. The theorem is proved that any two 
such geodesic coordinate systems 7‘ and y‘ with the same origin are related 
by a transformation for which 0°j‘/(dy* - - - dy®)(p=2, 3,--+-, r+1) vanish 
at the origin. The theories of tensor extensions, normal tensors, replacement 
theorems, etc., are then developed under lightened hypotheses on the affine 
connection. 


160. Professor A. D. Michal: Concerning algebro-functional 
groups of transformations and the theory of projective functipnal 
tensors. 

In this paper a study is made of groups of functional transformations 
on the composite range of a function y(x) and a variable u. In particular, 
this theory is used in developing a harmonious theory of projective functional 
tensors in function space. 


161. Professor A. D. Michal: Dynamical systems with infinite 
degrees of freedom and their integral invariants. 

In this paper the author studies dynamical systems whose kinetic energies 
are given by functionals of the form gag|y](dy%/at) (dy*/at) +galy](ay/at)?. 
The generalized Lagrangian and Hamiltonian systems are then deduced. The 
main part of the paper is concerned with the development of a theory of 
functional invariants of integro-differential equations and its application to the 
theory of the generalized Hamiltonian systems. 


162. Professor M. M. Slotnick: A note on a projective in- 
variant of a conjugate net. 

Corresponding tangential directions to the first and minus first Laplace 
transforms of a conjugate net intersect the axis of the net in two ranges of 
points which are in projective correspondence. The invariant of this pro- 
jectivity is a projective invariant of the net. This invariant also has its dual. 

163. Professor F. E. Wood: The projective equivalence of two 
nets of conics. 
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If o, ¥«(t=1, 2, 3) are quadratic forms in three variables, then two nets 
of conics +A2G2 +A3b3 =O, Ary =0 will be projectively equiva- 
lent if and only if there is a projective transformation which carries the first 
net into the second. Conditions both necessary and sufficient that two nets 
be projectively equivalent are obtained in this paper, which from this point of 
view supplements a paper by Jordan, Réduction d’un réseau de formes quadra- 
tiques ou bilinéaires, (Journal de Mathematiques, (6), vol. 2 (1906) pp. 403-38), 
in which all the special cases are fully considered. In this paper the general 
case is treated by a method different from that used by Jordan, who does not 
obtain a necessary condition, involving the coefficients of the forms ¢j, yi, 
that two nets shall be projectively equivalent; indeed it seems impossible to 
obtain such a condition by his method. In this paper certain new theorems 
regarding nets of conics and related cubics are obtained in a preliminary sec- 
tion. 


164. Professor J.S. Turner: A condition for the concurrence of 
three common chords of three conics, taken in patrs. 

Let the given conics be Ci, C2, Cs. Let S,, S2, S3, be three conics having 
double contact (all internal, or all external) with pairs of C:, C2, C3. The 
equations of the latter can be written =5S;—v;? =0, S;—u?=S,—v7=0, 
S;—u? =n(S;—v#%)=0. Then if n=1, six common chords are concurrent by 
threes in four points. The condition is satisfied if S,, S2, S;are circles. The 
results also hold for sphero-conics. Acknowledgment is due to J. L. Coolidge 
for the method of proving concurrence. 


165. Dr. Nola L. Anderson and Professor Louis Ingold: 
Invariant normals to a space S, contained in a function space. 

This paper continues Dr. Anderson’s study of normals to given spaces. 
A space 5S, of n dimensions is defined by a function f(t; x1, x, --- , x") =f(t, x), 
(aSt<8), with x* as coordinates of the space. The functions f;=df/dx; are 
called tangents to the parameter curves. Any function N(t; x) such that 
f(t; x) N(t; x)dt=0 is a normal to S,. Normals in the form + 
> O%(x)fi, where fi; =0f are first normals to S;. The functions N;;= 
fu (the parentheses indicate covariant differentiation) constitute a symmetric 
covariant set of first normals. DANG: denotes an invariant normal if A“ 
denotes a tensor depending on the x‘ only. By applying Maschke’s symbolic 
method tensors A“ are derived from the functions f; and their derivatives 
alone, which therefore do not depend on special loci or on special tensor or 
vector fields of S,. Each gives an invariant normal; for example, N=)_g*iN,;, 
where g® is obtained from the fundamental quantities g;; =F fi; fdt in the usual 
manner. This is the analog of the well known mean normal to a variety Vy. 


166. Professor A. H. Blue: On the structure of sets of points of 
classes one, two, and three. 

The Lebesgue classification of sets of points is based upon their representa- 
tion in terms of open sets and closed sets. The notion of the type of a set is 
introduced to make a distinction between those sets which have the same open 
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class but are of different closed classes, and between those sets which have the 
same closed class but are of different open classes. One of the principal ressult 
is the theorem: If two sets, which are products of open sets, are everywhere 
dense in a perfect set, they have a common point. The structures of sets of 
types (1, 1), (1, 2), (2, 1), (2, 2), and (3, 2) are discussed. 


167. Professor Dorothy McCoy: The complete existential 
theory of eight fundamental properties of topological spaces.’ 


A system (P; K), called a topological space, is composed of an aggregate 
P of elements p and a relation K among the subaggregates of P. Eight prop- 
erties of systems (P; K) and their negatives are studied in detail. These 
include the four properties of F. Riesz (Atti del 4 Congresso Internazionale 
dei Matematici, Roma, vol. 2, page 18; 1910), together with closure of derived 
sets, separability, and the properties of being perfect and connected. If the 
cardinal number of the class P is unrestricted it is shown by examples that but 
one relation of implication can exist among the eight properties studied. The 
cases of a class P with a finite or enumerably infinite number of elements are ex- 
haustively investigated. It is found that all cases which can occur on a space 
of a finite number of elements greater than one can be obtained on spaces of 
four elements, but not on spaces of two or three elements. Interesting results 
are obtained for spaces which are topologically homogeneous. 


168. Professor M. G. Gaba: A set of axioms in terms of points, 
ordinary and ideal. 


In vol. 11 of the Transactions of this Society, F. W. Owens has a paper 
entitled The introduction of ideal elements and a new definition of projective 
n-space. He based his work on eleven axioms. The first eight are essentially 
the first eight of Veblen’s axioms published in the 1904 Transactions of this 
Society in his memoir A system of axioms for geometry. Owens’ ninth axiom 
is a closure axiom and the tenth and eleventh are the Desargues theorem and 
its converse. However, before enunciating the last two axioms, it was neces- 
sary for him to give lengthy and involved definitions of in pencil and in range. 
In the present paper the results of Owens’ paper are obtained by axioms 
that are far more simple in statement, and the use of but one short definition 
instead of the seven that he used. 


169. Dr. Morris Marden (National Research Fellow): On 
the zeros of certain rational functions. 


Thanks to a suggestion from Professor Pélya, the author is able to give in 
this note a “best” zero-free region for the rational functions > =10; fi(s) 
and )-}.1a;f;(z), where every f;(z) is a polynomial of actual degree m and has 
all of its roots in a given convex domain, and where the a; are complex numbers 
such that for all 7, a;Sk+22. The principal theorem 
of the note thus generalizes some theorems not only of the author’s recent 
article on Zero-free regions of linear partial fractions (this Bulletin, vol. 35 
(1929), pp. 363-370), but also of Nagy’s article on Die Lage der Wurszeln von 
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linearen Verkniipfungen algevraischer Gleichungen (Acta Universitatis Hun- 
garicae Francisco-Josephinae, vol. 1 (1923), p. 127). The former results are in- 
cluded in the special case m =1, y=2x/2; the latter in the special case 7 =0. 


170.* Professor E. P. Lane: Integral surfaces of triads of 
partial differential equations of the third order. 


The purpose of this paper is to study the integral surfaces of a system of 
three linear homogeneous partial differential equations of the third order. 
The first problem is to determine what canonical forms are possible for such a 
system. It is found that any such triad of equations can be reduced to one or 
the other of three canonical forms, each of which is characterized by a different 
projective geometric description of its integral surfaces. For each of the canon- 
ical forms there are certain integrability conditions, which are discussed. And 
there are some geometric theorems which are immediate consequences of the 
analytic results obtained. The methods used in this paper are quite similar to 
those employed in a recent paper by the same author on Integral surfaces of 
pairs of partial differential equations of the third order. (Received January 12, 
1930. 


171. Professor H. E. Arnold: Notes on the Jonquiére quartic. 

Consider a Jonquiére quartic and the pencil of binary quartics cut out by 
the lines through any given point of the plane. In this paper several properties 
of quartics belonging to this pencil are derived, and its relationship to the 
fundamental involution, to which all line sections of the curve are apolar, is 
discussed. (Received January 25, 1930.) 


172. Professor J. E. Donahue: On the geometry of the second 
derivative of a polygenic function. 
In Kasner’s article on The second derivative of a polygenic function (Trans- 


actions of this Society, vol. 30, pp. 803-818) there appears a cardioid asso- 
ciated with a limacgon. In this paper an investigation is made of the exact 
relations of the cardioid and the limagon. It is based partially on the follow- 
ing theorem: Any three parallel lines in a plane determine the size of a cardioid 


tangent to them and the angle which the cuspidal tangent makes with any 
one of these parallels, except for sign. The constant defining the size of the 
cardioid, the point of tangency of the cardioid and the limagon, and the ori- 
entation of the cuspidal tangent are determined in terms of the constants in 
the equation of the limagon, the angle formed by one of the enveloping lines, 
i dius of the limagon associated with it. (Received February 1, 1930.) 


173. Dr. Lulu Hofman: Plane transformations preserving, cen- 
ters of gravity. 


ransformation u=¢(x, y), v=y(x, y) of the z-plane into the w- 


plane is considered, the planes being covered with mass of density 1 in z and 
1/ of ., in w, so that the masses of two corresponding finite areas A, and 
* The papers beyond this point are to be read at meetings of which the 


reports have not yet been published. 
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A, are equal. We denote by 2,(x,, y,) and w,(ug, v,) the centers of gravity of 
A, and A, respectively, and we study the following problems: (a) given a set 
of areas A,, to find all transformations ¢(x, y), ¥(x,y) such that z, and w, corre- 
spond in the transfoi mation u,=@(xg, ¥z), Vg); (b) given a transfor- 
mation ¢(x, y), ¥(x, y), to find ali areas A, such that z, and w, correspond. 
Problem (a) has been solved completely if the given A, are (i) the ~* circles, 
(ii) the «4 rectangles parallel to a fixed direction, or (iii) all areas of z. In 
case (i) ¢ and y are harmonic, in case (ii) they are of the form ¢=a+é8x 
and in case (iii) they determine an affine transformation. Problem (b) is 
discussed when the transformation is of the form of case (ii) above, with un- 
restricted coefficients. Among the A, are then contained all squares and all 
areas with rotational symmetry such that the smallest rotation admissible 
is #z/2 and #z. Additional problems are outlined. (Received January 30, 
1930.) 


174. Dr. A. A. Albert: A necessary and sufficient condition 
for the non-equivalence of any two rational generalized quaternion 
division algebras. 

The problem of the non-equivalence of any two generalized quaternion 
division algebras over the field of all rational numbers is considered. It is 
shown that every pair of algebras may be taken in a canonical form in which, 
if 1, 7, j, ij are a basis of the general algebra, the squares of 7 in the two alge- 
bras are the same rational number p. It is then shown that the two algebras 
are equivalent, when ‘taken in this form, if and only if the squares 7 and 6 
of the j’s satisfy a relation 5=(m?—72p)y for rational m and m. Neces- 
sary and sufficient diophantine conditions on p, y, and 6 are given that the 
above relation be true, a complete solution of the problem. (Received January 
6, 1930.) 


175. Professor Oystein Ore: On hypergeometric functions of 
several variables. 

A hypergeometric function of two variables F(x, y) => 
defined by the fact that the quotients das:, m/@n, m=Ri(m, m : 
=R,.(n, m) are fixed rational functions of m and m. Horn, Kampé d de Feri iet, 
and Birkeland have pointed out that the functions R; and R, cannot be art 


trary. In this paper the explicit form of the possible coefficients is determined. 
(Received January 17, 1930.) 


176. Mr. Samuel Borofsky: Linear homogeneous differential 
>. 


ee with Dirichlet sertes as coeffictents 
differential equation --- +P.(x)y=0 is 


considered, where each P is the sum of two Dirichlet series, one with zero and 
negative exponents and one with positive exponents, both absolutely conver- 


gent in a right half-plane. It is shown that there exists a linearly 


set of solutions y; |, 2, 
where 7; is some complex number and the 9's are Dirichlet series with non-pos- 
itive exponents absolutely convergent ina right half-plane, if and only if no posi- 


— 


214 ABSTRACTS OF PAPERS [Mar., 


tive exponents appear in the P’s. This includes the classical Fuchs theory 
for the so-called “regular singular point” for the case when the P’s are Laurent 
series. (Received February 1, 1930.) 


177. Dr. J. H. Roberts (National Research Fellow): A point 
set characterization of 2-dimensional closed mantfolds. 

In her thesis (Mathematische Annalen, vol. 98 (1927)) Miss Gawehn gives 
a characterization of closed 2-dimensional manifolds in terms of point set 
notions. The present paper offers the following characterization: In order 
that a closed and compact point set M lying in a metric space S be a closed 
2-dimensional manifold it is necessary and sufficient that (1) if T is any arc 
set (that is, T is closed, and every component t of T which contains more than 
one point is an arc of which at most the end points are limit points of T—?#) 
lying in M, then M contains an arc which contains T, and (2) for some 
k(k=0) M contains 2k simple closed curves, a, 81, a2, B2,°**, ak, Be such 
that (a) a;- 8; is at most one point and (a;+8;) - (aj+8;) =0(i¥j; 7, 7S), 
and (b) if, for each i, vy; denotes either a; or Bs, and K=M-) hai, then K 
is connected, but every simple closed curve in K separates K. As a special 
result the integer k is taken to be 1 and the manifolds so obtained are dis- 
tinguished from each other. (Received February 1, 1930.) 


178. Professor J. E. Donahue: On the region covered by a 


certain polynomial. 

There is determined in this paper the boundary of the region of the complex 
plane covered by the polynomial z=do+-4it: +@2l2+df;t2, in which the coeffi- 
cients are complex and t, =e": and t=e2, 6, and 62 being independent varia- 
bles. (Received February 1, 1930.) 


179. Professors Orrin Frink and P. A. Smith: Irreducible 


non-planar graphs. 

One of the results of this paper is a simple necessary and sufficient condi- 
tion that an arbitrary linear graph be mappable on a plane. (Received Feb- 
ruary 10, 1930.) 


180. Dr. A. A. Albert: A construction of all non-commutative 


rational division algebras of order eight. 

All rational generalized quaternion algebras and all rational cyclic algebras 
of order sixteen which are division algebras have been constructed. Also a 
type of cyclic division algebra of order nine has been constructed. In the 
present paper the problem of a construction of all algebras which are general- 
ized quaternion algebras over a quadratic field R(u) is considered. It is shown 
that when the algebra is not a direct product of R(u) and a generalized quater- 
nion algebra then it is a division algebra. Diophantine necessary and sufficient 
conditions that this be so are also given. The remaining case, in which A is 
a direct product of R(u) and a normal division algebra of order four, is treated 
and explicit diophantine conditions on the multiplication constants of A are 
given which insure that A is a division algebra. (Received January 6, 1930.) 


= 
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181. Professor G. C. Evans and Mr. W. G. Smiley, Jr.: The 


first variation of a functional. 

The authors obtain sufficient conditions for the representation of the first 
variation of a functional in terms of a Stieltjes and a Lebesgue integral re- 
spectively, the difference in the two representations corresponding to a differ- 
ence in the nature of the continuity of the functional in the two cases. (Re- 
ceived December 30, 1929.) 


182. Dr. Lincoln LaPaz: Geometries in which straight lines 
are shortest. 

Geometries in which length of arc is defined by an integral of type 
L= f2*f(x, y, y’)dx and in which straight lines are shortest were first studied by 
Hamel, who employed the method of Darboux to determine the form of the 
integrand function f. In the present paper this problem is treated by the use 
of theorems established by the writer in an earlier article (see abstract (15), 
this Bulletin, vol. 35 (1929), p. 761). Conditions are obtained on the inte- 
grand function f(x, y, y’) sufficient to insure that the straight line segment 
joining arbitrary but fixed points (%, y;) and (x2, ye), x22, shall render the 
integral L a proper absolute minimum with respect to all other admissible 
arcs y=y(x) joining the two given points. It is shown that Hamel did not 
obtain the most general geometry for which straight lines are shortest. (Re- 
ceived January 25, 1930.) 


183. Professor G. T. Whyburn: A continuum every subcon- 


tinuum of which separates the plane. 

In this paper there is constructed a bounded plane continuum M such that 
(1) M is the common boundary of two domains; (2) every subcontinuum of 
M separates the plane; (3) M is topologically contained in every one of its 
subcontinua; (4) M contains no uncountable collection of mutually exclusive 
continua and therefore no indecomposable continuum; obviously it contains 
no arc; (5) M admits of upper semi-continuous decomposition into elements 
(continua or points), all save a countable number of which are points and 
with respect to which M is a simple closed curve; and (6) M contains two con- 
tinua that are not homeomorphic with each other. It is proved, furthermore, 
that any plane continuum having property (2) contains a bounded continuum 
having properties (1) and (2) and that every bounded continuum having (1) 
and (2) also has properties (4), (5), and (6). From these facts it follows that 
no plane continuum which separates the plane can be homeomorphic with 
every one of its subcontinua. (Received January 15, 1930.) 


184. Professor G. T. Whyburn: Completely partitionable con- 


nected sets. 

A connected point set will be called completely partitionable provided that 
every two points of M may be separated in M by some third point of M. 
Any one of the following conditions characterize completely partionable 
connected sets M in a separable metric space: (1) that there exist a biunivalued 
and continuous transformation T defined on M such that T(M) is a subset 


= 
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of an acyclic continuous curve; (2) that every two points of M may be joined 
in M by a unique relatively closed irreducibly connected set and that com- 
ponents of the complement of every connected relatively closed subset of M 
be open in M; (3) that M be regular in the sense that every point P of M is 
the divisor of a family of open subsets of M the M-boundary of each of which 
is finite, and that, for each point P of M and each component C of M—P, P 
be a point of order 1, in this sense, of C+P. A connected set M is topologically 
contained in an acyclic continuous curve if and only if it is completely par- 
titionable and the components of the complement of any compact subset of 
M form a contracting sequence. (Received January 15, 1930.) 


185. Professor G. T. Whyburn: On non-separated cuttings of 
connected point sets. 

A collection Q of subsets of a connected point set M will be called non- 
separated if the elements of Q are mutually exclusive and no element of Q 
separates in M any two points belonging to a single element of Q. It is shown 
that for every uncountable non-separated collection Go of cuttings of a con- 
nected set M in a separable metric space, a subcollection G of Go exists con- 
taining all save a countable number of the elements of Gp and such that 
each element g of G is an irreducible cutting of M whose complement in M 
has just two components, g is saturated in M relative to G, i.e., g is separated 
in M from each point of M—g by some element of G, and g is an element of 
order two of M relative to G in the sense that it is the divisor of a family of 
open subsets of M whose M-boundary is a subset of two elements of G. Fur- 
thermore, if G is any such collection, M may be decomposed into a collection 
H of elements containing G as a subcollection and with respect to which M 
is a completely partitionable connected set. (Received January 15, 1930.) 


186. Professor G. T. Wayburn: Concerning certain continu- 
ous curves in the plane and connected and connected im kleinen 
point sets in general. 

It is shown that every plane continuous curve every subcontinuum of 
which is a continuous curve is a rational curve in the sense of Menger, i.e., 
every point can be eseparated in the curve by a countable set of points. 
Also, if A and B are any two points of a compact, connected, and connected 
im kleinen set M in a metric space, there exists an uncountable non-separated 
collection Q of cuttings of M between A and B; thus M can be decomposed, 
with the aid of Q, into a non-separated collection G of elements with respect 
to which M is a simple continuous arc. Other decompositions by this means 
of such sets M are studied. It is also shown, in answer to a question raised by 
the author (Fundamenta Mathematicae, vol. 13, p. 50) that every open 
subset of any connected and connected im kleinen point set M contains a 
completely irreducible cutting of M. (Received January 15, 1930.) 


187. Mr. Hassler Whitney: A normal form for maps. 

It is shown that, given any map on the surface of a sphere of m regions, 
n =3, in which (A,) the boundary of each region is a single closed curve with- 
out multiple point, (B) all the vertices are triple, (A) no two regions taken 
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together form a multiply connected region, (A;) no three regions taken to- 
gether form a multiply connected region, a closed curve may be drawn which 
passes through each region once and only once, and passes through no vertex. 
Therefore the map may be represented in the dual form as an n-sided polygon, 
the interior and exterior having been subdivided by diagonals into triangles. 
The vertices of the polygon represent the regions of the map, and any two 
vertices of the polygon connected by a line represent two regions with a com- 
mon boundary. The polygon itself represents the closed curve drawn through 
the map. (Received January 28, 1930.) 


188. Professor George Rutledge: A necessary and sufficient 


condition for convergence of a sequence of Lagrange polynomials. 

In a recent number of the Transactions of this Society (vol. 31, pp. 807- 
820) the writer presents the sequence of polynomials determined by 2n+1 
evenly spaced points with m increasing indefinitely in a form in which the 
coefficients of x, x*, - - - appear as double series. In this paper it is shown that 
convergence of the coefficients of x and x? is sufficient for convergence of the 
sequence of polynomials. It is also necessary. The sequence of polynomials 
determined by a given function f(x) is equivalent to the sequence of partial 
sums of an expansion of the function in Stirling’s series. (Received February 
1, 1930.) 


189. Dr. T. C. Benton: On certain types of surfaces in three- 
dimensional euclidean space. 

A definition of an edge point of a surface is given in terms of the separating 
set for the point. Also a definition is given for a flat surface. These two pro- 
perties are shown to be invariants under homeomorphism. A type of accessi- 
bility in three dimensions is discussed in which a point p on a surface S is 
called conically accessible from an unknotted simple closed curve C not on S 
if it is possible to construct an equicontinuous, self-compact set of arcs each 
having a point of Cas one end point and pas the other end point and such that 
every point of C is an end point of such an arc and no point of these arcs ex- 
cept p is on S. Certain properties of flat surfaces, with and without edge 
points, which are conically accessible from every unknotted simple closed 
curve in the complementary domains of the surface are then proved. (Re- 
ceived February 5, 1930.) 


190. Mr. L. A. Dye: Involutorial transformations of order N 
with an (N-1)-fold line. 

Montesano (Lombardo Istituto Rendiconti, (2), vol. 21 (1888)) has given 
a brief synthetic discussion of involutorial transformations of order N with an 
(N—1)-fold line. In this paper two methods of analytic treatment are de- 
veloped, and applied to the cases N=3 to 7. It is also shown that the trans- 
formations can be mapped on 5; and are therefore rational. (Received Feb- 
ruary 10, 1930.) 


191. Professor L. E. Dickson: Construction of division alge- 
bras. 
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This paper obtains a decided simplification of the theory of the associativ- 
ity conditions presented in the author’s paper New division algebras (Trans- 
actions of this Society, April, 1926). It then obtains final results in new gen- 
eral cases, which were too complicated by the earlier methods. The paper will 
appear in the Transactions of this Society. (Received February 17, 1930.) 


192. Professor J. L. Walsh: On the overconvergence of se- 
quences of polynomials of best approximation. 

This paper proves, by means of a single theorem on the degree of approxi- 
mation to an analytic function, many well known results and a number of 
new ones on the overconvergence of sequences of polynomials of best approxi- 
mation to an analytic function and to a harmonic function. (Received Feb- 
ruary 3, 1930.) 


193. Professor Edward Kasner: The third characteristic prop- 
erty of the derivative of a polygenic function. 

The derivatives y =dw/dz of any polygenic function w=(x, y)+#(x, y) 
may be regarded as establishing a correspondence between the direction ele- 
ments (x, y, y’) of the z-plane and the points of the y-plane. How is such a 
correspondence characterized among all possible element-to-point transfor- 
mations? The author shows that in addition to the two properties given in 
his earlier papers (see Science, vol. 66 (1927), p. 581; Proceedings of the 
National Academy, vol. 13 (1928), p. 75), namely (1) elements at a point go 
into points of a circle, (2) corresponding arcs on the circle and angles at the 
point are in the ratio —2:1, we must adjoin as a further property exactly how 
the clocks thus defined are in correspondence with the points. If we define 
the clock by its central vector A and its principal phase vector B, a certain 
displacement corresponds to Az and another displacement to the conjugate 
value AZ. The vectorial difference AA—AB then defines what we call the 
associated affinity. Property (3) then states that this affinity is a direct simili- 
tude. The three properties are necessary and sufficient for polygenic func- 
tions. If the function is monogenic, (3) reduces to ordinary conformality. 
(Received February 5, 1930.) 


194. Dr. T. H. Gronwall: Rotational symmetry in the charac- 


teristic functions of the Schrodinger wave equation. 

In this paper, certain consequences of the invariance of the Schridinger 
wave equation under the group of rotations, which were proved by Weyl by 
means of the theory of group representations (Gruppentheorie und Quanten- 
mechanik, Leipzig, 1928, chapter 3) are obtained by a direct and elementary 
method. (Received February 22, 1930.) 


195. Professor G. Y. Rainich: Unification of force and matter 
components. 

Preceding work showing the close relationship between the hydrodynamic 
and electromagnetic stress tensors suggests that the quantities in which these 
are quadratic, namely electric and magnetic forces and momentum vector of 
matter, must also be related, as components of the same higher unity. This 
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paper introduces an antisymmetric tensor in five-space, six of whose com- 
ponents are electromagnetic and the remaining four represent matter; its 
matrix is obtained by bordering that of the electromagnetic force tensor by 
momentum components of matter. To justify this we let indices go from one 
to five in the usual expression for the electromagnetic tensor and obtain a 
five-dimensional symmetric tensor whose four-dimensional part is the hydro- 
dynamic plus the electromagnetic stress tensor (other components give four- 
dimensional ponderomotive force). Letting indices in Maxwell’s equations 
for empty space go from one to five we obtain Maxwell’s equations for space 
filled with matter, the continuity equation of matter, and equations expressing 
proportionality between the momentum and the potential vectors, a relation 
obtained recently from another point of view by Lanczos. Equating to zero 
the divergence of the five-dimensional stress tensor, we obtain equations of 
motion. (Received March 5, 1930.) 


196. Professor R. L. Wilder: A converse of the theorem regard- 
ing the separation of E; by a closed two-dimensional manifold of 
genus p. 

The following theorem is established: Let K be a closed and bounded 
point set in E; (euclidean space of three dimensions) such that (1) the Betti 
number (mod 2) R°(E;—K)=2, and the Betti number R'(E;—K) is finite; 
(2) if D isa domain complementary to K, then the O-chains of D are uniformly 
homologous to zero in D and every point of K is a limit point of D. Then K 
is a closed two-dimensional manifold of genus p= [R'(E;—K)—1]/2. This 
theorem contains the converse of the Jordan-Brouwer separation theorem in 
E; as a special case (that is, where R'(E;—K) =1; see this Bulletin, vol. 35, 
p. 771, abstract No. 49), and the conditions which it embodies are all known 
to be necessary. (Received March 6, 1930.) 


197. Mr. C. W. Mendel: The dimensionality of a certain linear 
space tn the projective differential geometry of a variety in hyper- 
space. 

The element E, at a point P of a curve C in space S, is the totality of P 
and the osculating linear spaces of C at P up to and including the one of di- 
mensions r. The osculating space S(k, r) with respect to an element E, at 
a point P of a curve C ona variety V,, in space S, is the linear space of least 
dimensions containing the osculating spaces S; at the point P of every curve 
on the variety V,, through the point P, having at P the element E, in com- 
mon. These definitions are due to Segre and Bompiani. In certain special 
cases these writers found the dimensionalities of the osculants they had de- 
fined but the general formula seems not to have been previously announced. 
This paper shows by induction that the dimensionality of the space S(k, 7) 
is (r +1) Caper, m+(C+1)Cnsp4, pa, where the integers p, c are defined 
by the relations k=p(r+1)+c, OScSr, and Cn;p-1, m is the binomial co- 
efficient (m+p—1)!/(p—1)!m!. In the special case for which m =2, the variety 
Vis a surface and the dimensionality of S(k, r) is given by the formula 
[k(k+r+3)+c¢(r—c—1) ] /2(r+1) where c is again the least residue of k 
modulus r+1. (Received February 10, 1930.) 
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198. Professor Arnold Emch: On algebraic surfaces which are 
invariant in a certain class of finite collineation groups. 

This paper deals with the properties of symmetric surfaces of the form 
=0, 7, R=1, 2, 3, 4; ixk, which are invariant under finite collinea- 
tion groups of order 247°, or 8(24n*), according as n is odd or even. Certain 
configurations of conics and lines which exist on the surface are investigated. 
As an example, a sextic surface is given with four triple points such that a 
sphere through these cuts the surface in 6 circles which lie in the faces of a 
cube such that each circle passes through the vertices of the corresponding 
square. (Received February 26, 1930.) 


199. Mr. W. O. Pennell: A generalization of Fourier series. 

This paper describes an infinite series S(x) of sines and cosines which repre- 
sents for all values of x, positive or negative, a function as follows: S(x) 
=b"(x—na), (na<x<(n+1)a), where n takes on positive and negative 
integral values including zero, b is any real constant, positive or negative, and 
is a function defined in the interval0<x<a. If unity is substituted for b 
the series reduces to the classical Fourier series for f(x), 0<x<a. A number 
of expansions are worked out and approximation curves are shown and dis- 


cussed. The series was discussed by methods of the operational calculus and 
these methods are used in the paper. (Received February 27, 1930.) 


200. Dr. L. M. Blumenthal: Groups of permutable functions. 
given a method (Sopra le funzioni permutabili, Rendiconti 
Reale Accademia dei Lincei, 1910, p. 428) by which the group of functions 
nutable with a given function of the first order may be obtained. The 


Volterra hz 


volving the solution of an integro-differential equation, is important 
-xistence theorem—not as a means of obtaining an explicit expression 


for the group sought. In this paper an explicit formula is developed giving 
the group of functions permutable with a given function F(x, y) =A(x)B(y) 
of the first order. Apart from the group of functions permutable with unity 
the group of closed cycles) no other general formula of this type seems to be 
in the literature. The method consists in showing that the canonical form 
Volterra & Peres, Lecons sur la Composition, p. 36) of A(x)B(y) is unity. 
The canonical transformation preserves composition and permutability. 
Thus the case is reduced to the case of functions permutable with unity. In 
this way it is found that the group of functions permutable with the function 

B(y) of first order is given by the expression A(z)B(y)o[f, A(£)B(é dé] 

ere 4 is an arbitrary function. (Received March 1, 1930.) 


201. Professor R. E. Langer: On the asymptotic solutions of 
ordinary differential equations, with an application to the Bessel 
unctions of large order. 

I solutions of an equation u"+p(x)u’+{dr(x) +q(x){u=0, with large 

ex 4, depend upon this parameter. The asymptotic formulas for this 
pendenc e are known for the case in which x remains on an interval on 
< 


r(x 


—a) for some positive constant a. The methods used 


to « these formulas do not permit of simple extension to the case in 
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which r(x) has a zero. In different intervals on opposite sides of such a zero 
the forms representing a specific solution are different, and the relation be- 
tween them has not hitherto been determined. This paper deals with the solu- 
tions of the equation on an x interval which includes a zero of r(x). The 
character of the solutions in a neighborhood of this zero is determined, and 
asymptotic formulas are derived for the solutions in the remaining parts of 
the interval. As an application a familiar special equation, solved by the Bessel 
function J,(pe*,) is considered. The general theory yields in this case formulas 
representing J,(p sech a) and J,(p sec 8) respectively for large, intermediate, 
and small values of sech a or sec 8. These results are in accord with the 
familiar formulas. Certain features of difference are, however, noted. (Re- 
ceived March 4, 1930.) 


202. Professor O. J. Peterson: On the rational plane quintic 
curve with three cusps. 

It is shown that if the plane be divided into three sets of triangles, four 
triangles in each set, by the six lines determined by four singular points of 
which either one or three are cusps, then the two remaining singular points 
lie in triangles of the same set. The quintics are classified according to the 
triangles in which these two points are located. Another classification of ra- 
tional quintics is on the basis of the sequences of the double points. It is 
shown that if the rational quintic has precisely three cusps, ten different se- 
quences are possible. As is to be expected, the positions and the sequences 
of the double points are not independent, and it is interesting to observe the 
correspondence between them. (Received March 6, 1930.) 


203. Mr. G. W. Starcher: A solution of a simple functional 
equation as a basis for readily obtaining the theory of elliptic 
functions. 

The purpose of this note is to show, by considering certain solutions of 
simple functional equations, how one may obtain expressions for each of the 
four Theta functions, both as infinite products and as Fourier series, and thus 
have a basis for the theory of elliptic functions. (Received March 7, 1930.) 

204. Dr. M. A. Basoco: On certain finite sums of binomial 
coefficients and gamma functions. 

In this note the author obtains the value of certain finite sums involving 
factorials or Gamma functions, which are the immediate consequence of the 
orthogonality property of certain systems of polynomials. The results ob- 
tained are equivalent to the orthogonality property in the sense that they 
imply and are implied by this property. The systems of polynomials here con- 
sidered are those bearing the names of Jacobi, Hermite, Laguerre, Legendre 
and Tschebycheff. This paper will appear in a forthcoming number of the 
American Mathematical Monthly. (Received March 7, 1930.) 


205. Dr. M. A. Basoco: On Appell’s decomposition of a 


doubly periodic function of the third kind. 
In a series of papers in the Annales de I’Ecole Normale (1884 to 1888) and 
in Acta Mathematica (1920), Appell has studied the problem of expanding 
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the doubly periodic functions of the third kind in trigonometric series. His 
fundamental contribution in this connection is the discovery of a certain 
function x(x, ¥) of two complex variables, which in his theory plays a role 
analogous to that of the Zeta function in Hermite’s decomposition of an ellip- 
tic function into simple elements. In this note, the results of Appell are estab- 
lished for the case where the function to be expanded has more poles than zeros 
in a fundamental period cell, without asssuming a priori the existence and prop- 
erties of the function xm(x, y). This is accomplished by applying a well known 
theorem relative to the expansion of a class of singly periodic functions in a 
series of cotangents. In this manner, one is led in a very natural way to the 
consideration of the function x»(x, y) as the fundamental element of the theory 
and to the proof of Appell’s theorem for the case under consideration. (Re- 
ceived March 7, 1930.) 

206. Professor W. E. Milne: The numerical determination of 


characteristic numbers. 

This paper presents a method for the numerical calculation of character- 
istic numbers or energy levels in wave mechanics for cases where the wave 
equation contains, or can be reduced so as to contain, a single space variable. 
The procedure consists in the numerical integration of an auxiliary differential 
equation for several chosen values of the energy, after which the characteristic 
values are obtained by interpolation. Incidentally the process also furnishes 
the characteristic solution or wave function with little additional labor. The 
method is one of considerable generality, and is capable of giving any pre- 
assigned degree of accuracy. (Received March 7, 1930.) 

207. Mr. S. A. Pollock: An apparatus for the exhibition and 
study of skew curves. 

By means of ruled surfaces and surfaces made of light, obtained by passing 
parallel rays of light through a directrix curve, skew curves appear in full per- 
spective together with their singularities. Their relations to the surfaces on 
which they lie are thus exhibited in three dimensions. By moving either sur- 
face, the variation of the curve of intersection is plainly observed. Plane pro- 
jections are easily obtained by indirect observation, either through a mirror 
or by actual photographing. The apparatus will be exhibited and several exam- 
ples of skew curves will be shown. (Received March 7, 1930.) 

208. Dr. B. W. Jones (National Research Fellow): Certain 
quinary forms related to the sum of five squares. 

In this paper the number of solutions of +a5x;" 
where a;=1, 2, or 4 is shown, with the exception of three such forms, to be 
expressible in terms of gy, where g(m) is the number of representations of n 
as the sum of five squares. Also for a;=1, 2, 4 or 8 the number of solutions 
is expressed in terms of ¢ and representations by the forms (1, 1, 1, 2, 4) and 

1, 2, 4, 4, 8). (Received March 7, 1930.) 

209. Professor A. D. Michal: An operation that generates 
scalar differential invariants from tensors. 

This paper is concerned with scalar extensions of tensors. The operations 
involved are based on a system of independent contravariant vectors £'(a, 
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(a=1, 2,--- , m), and a symmetric affine connection I'gg*._ A number of pre- 
liminary theorems are proved in connection with a class of geodesic coordinates 
of order r that is distinct from the class of geodesic coordinates of order r 
previously studied by the author. The paper closes with some applications to 
simply transitive continuous groups. (Received March 8, 1930.) 

210. Dr. H. T. Engstrom (National Research Fellow): On 
generalizing trigonometric identities in arithmetical paraphrasing. 

When an elliptic function is represented in more than one way by trigono- 
metric series certain identities in cosines or in sines are obtained. To obtain 
arithmetic results from such identities the trigonometric functions are re- 
placed by arbitrary functions of the same parity. By use of properties of cyclo- 
tomic fields the author gives a simple algebraic proof for this replacement 
principle with some generalizations. (Received March 8, 1930.) 


211. Dr. Gordon Pall (National Research Fellow): Simul- 
taneous quadratic and linear representation. 

The problem of representing two numbers a and 3, one in a quadratic, the 
other in a linear form, is shown to be equivalent to that of representing a cer- 
tain combination of a and 6 in a single quadratic form, generally with some 
congruential restriction on the variables. Several especially simple relations 
are obtained, and the case of sums of squares is treated for further application. 
(Received March 8, 1930.) 


212. Dr. Clifford Bell: On a pair of simultaneous second 
order differential equations. 

In his paper on self-adjoint ordinary differential equations of the fourth 
order (American Journal of Mathematics, vol. 52 (1930), p. 171-196), W. M. 
Whyburn considers the following pair of second order differential equations, 
y"+p(x)¥ =q(x)z, 2” +-p(x)z =r(x)y, and gives a rather complete treatment for 
the cases gr <0 and gr >0 on the given interval. The present paper investigates 
cases that arise when g and r vanish. Some of the results and proofs of the 
paper are similar to those of Whyburn’s paper, while others differ considerably 
and involve new methods of proof. (Received March 8, 1930.) 

213. Professor W. M. Whyburn: On systems of cyclically 
related differential equations. 

The system of first order differential equations dy;/dx => A x(x) 
(i=1,---, Visn=Vi), Where A1,--- , An are summable functions, is stud- 
ied. The solutions are shown to have many properties in common with the 
sine and cosine functions. The cases n $4 are solved and methods of solution 
are given for higher order cases. The methods used are variations of those 
used by the author in a study of nonlinear second order systems (see Tran- 
sactions of this Society, vol. 30 (1928), pp. 848-854). (Received March 10, 
1930.) 


214. Professor B. A. Bernstein and Mr. Nemo Debely: A 
practical method for computing the modular representations of 
finite operations and relations. 


In previous papers Professor Bernstein has developed a general theory 
whereby any 7-ary operation or any m-adic relation in a finite class of elements 
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can be represented arithmetically. The theory rests on the fact that for K 
a class consisting of the p numbers 0, 1 ,---, p—1, p prime, any K-closing 
unary operation f(x) can be represented by a polynomial of the form a9+a,x 
+--+ +a px", modulo p, where the range of x is 0, 1,--- , p—1, and the 
a's are all numbers of this range. Though this polynomial can always be found 
by the method of the general theory, the necessary work is very great when 
p is large, involving, as it does, the evaluation of p determinants, modulo 9, 
each of order p—1. The present paper develops a method of obtaining the 
fundamental polynomial with extreme ease. (Received March 10, 1930.) 


215. Professor Morgan Ward: The algebra of recurring series. 

This paper develops a general method for obtaining relations between the 
solutions of a linear difference equation of order three whose characteristic 
equation is irreducible. The method is to set up a one-to-one correspondence 
between the cubic field associated with the characteristic equation and a 
field of matrices of order three whose elements are solutions of the difference 
equation. By equating corresponding elements in properly chosen matric 
identities an indefinite number of formulas may be obtained. The method 
is applicable to the general linear difference equation of order n provided 
that its characteristic equation is irreducible. The paper has been accepted 
for publication in the Annals of Mathematics. (Received March 10, 1930.) 


216. Professor Morgan Ward: Postulates for the inverse opera- 
lions in a group. 

This paper defines a binary operation over a set of marks with the prop- 
erty that the set forms a group with respect to one of the inverses of the oper- 
ation. (Received March 10, 1930.) 
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